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Weak-force sensing in an optomechanical system with squeezed light and feedback control
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We propose a high-precision weak-force sensing scheme with squeezed light and feedback control in an
unresolved-sideband cavity optomechanical system. This scheme employs synergistic integration of the injection
of squeezed light and measurement-based feedback control. We analyze the influence mechanism of various sys-
tem parameters and examine how squeezed light and closed-loop control jointly improve the measurement sensi-
tivity. The proposed weak-force sensing scheme could improve the signal-to-noise ratio of the weak-force mea-
surement and reduce the added noises. It is compatible with state-of-the-art cavity optomechanical techniques
and may find applications in quantum metrology, gravitational wave detection, and fundamental physics tests.
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I. INTRODUCTION

In precision measurement [1,2], the detection of weak
forces is of paramount importance. This capability is fun-
damental to several critical research directions, such as
gravitational wave detection [3,4], studies of the Casimir
force [5], characterization of intermolecular forces [6], force
microscopy [7], and the exploration of new physics. At the at-
tonewton (1078 N) scale [8,9], the pursuit of high-sensitivity
broadband force detection is increasingly constrained by the
standard quantum limit (SQL).

In quantum-enhanced sensing, squeezed light has proven
to be a useful resource for improving sensitivity [10-13].
By injecting squeezed light into the output dark port, quan-
tum correlations between light and the kilogram-mass mirrors
of LIGO were observed, which enables the sub-SQL dis-
placement measurement to be achieved [14]. Subsequently,
it was shown that intracavity squeezing could allow the de-
tection of weak forces with enhanced precision [15—17]. The
synergistic integration of intracavity squeezing (ICS) and
extracavity squeezing (ECS) can exponentially increase the
signal-to-noise ratio (SNR) for dispersive qubit readout [18]
and temperature metrology [19].

Another powerful approach to sensitivity enhancement is
measurement-based feedback control [20]. Bemani et al. [21]
proposed a feedback-controlled in-loop light scheme for an
optomechanical force sensor, enabling simultaneous signal
amplification (via enhanced mechanical response) and noise
suppression below the SQL. Their work focuses mainly on
the force sensor in the red-detuned resolved-sideband regime.
By using the Floquet approach, it briefly investigates the
system dynamics beyond the rotating-wave approximation
and discusses the case of weak-force measurement in the
unresolved-sideband regime.

Note that the measurement-based feedback control is anal-
ogous to ICS; more precisely, both of them can generate
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self-parametric interaction of intracavity optical fields. Due
to the fact that the ICS requires additional pump light, a
nonlinear medium in the cavity, and stringent phase-matching
conditions, its realization is a challenge. In comparison, feed-
back control only relies on the detection and modulation of the
probe field outside the cavity; therefore, it is technically more
feasible. It is reasonable to expect that combining ECS with
feedback control could significantly enhance the measurement
sensitivity.

In this paper we propose a high-precision weak-force
sensor using an unresolved-sideband cavity optomechanical
system with squeezed light and feedback control. Feedback
control can effectively enhance the mechanical response of the
optomechanical system to external force while inducing low
added noise of measurement. For a nonzero optical detuning,
the injection of squeezed light can suppress the detection
noises via inducing the quantum correlations between the op-
tical mode and mechanical mode. Both methods jointly boost
the measurement sensitivity.

This paper is organized as follows. In Sec. II we present
the system Hamiltonians and derive the force sensitivity. In
Sec. III we analyze the effects of the relevant system param-
eters on the force measurement at both the resonance and
detuning regions, after accounting for measurement-induced
frequency shifts. In Sec. IV we explicitly discuss the ex-
perimental feasibility of the proposed weak-force sensor. In
Sec. V we summarize and offer prospects for future work.

II. METHODS

Our scheme for the weak-force sensor is depicted in Fig. 1.
An optomechanical system is probed with squeezed light,
which carries the weak-force signal F to the balanced homo-
dyne detector for readout. The resulting photocurrent i, (¢) is
fed back to the input probe field using an amplitude modulator
that modulates the amplitude of the input light. Subsequently,
the standard linear-response theory can be employed to esti-
mate the external force.

©2026 American Physical Society
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FIG. 1. Schematic of the proposed optomechanical force sen-
sor. A bright squeezed light with variable squeezed phase o is
injected into the optomechanical system, where a mechanical os-
cillator subjected to a force F(¢) serves as one of the end mirrors
in a high-finesse optical cavity. The photocurrent from the balanced
homodyne detector (BHD), which measures the 0-phase quadrature
of the reflected light, is used as a feedback signal. This signal, with
a gain of g and a variable delay 7, drives an amplitude modulator
(AM) to control the input light’s amplitude. Here LO denotes local
oscillator.

A. Heisenberg-Langevin equations and system dynamics

We consider a single mechanical mode coupled to an
optical mode via radiation pressure. The time-dependent
Hamiltonian describing this system is given by [22,23]

H = hw.t'e + %(Q2 1 P 4 2hgeTe0

+ V2x76F ()0 + (Vi €néte ™ +cc). (1)

The first and second terms describe the free energy of
the cavity mode and the mechanical resonator, respectively,
where ¢ (¢7) is the annihilation (creation) operator of the
cavity mode, w. is the cavity resonance frequency, Q =
(b+b")/v2,P =i(b" — b)//2,and b (b") is the annihilation
(creation) operator of the mechanical mode with the charac-
teristic frequency w,,. The third term describes the interaction
between the cavity mode and the mechanical mode, where g
is the single-photon interaction rate. The fourth term in the
Hamiltonian describes the coupling of the mechanical mode to
an input classical ideal impulsive force £ (¢) in the x direction
and xzpr = +/h/2mw,, is the zero-point-position uncertainty
of the resonator with effective mass m. The last term denotes
the input probe field with frequency w, x5 represents the
cavity decay rate associated with the left mirror, €, is the
driving strength of the probe light, and c.c. stands for complex
conjugate.

Considering the fluctuation and dissipation processes af-
fecting the optical and mechanical modes, the general Markov
Langevin equation for the mechanical mode and the rotating-
wave Langevin equation for the optical mode are written
as [24]

& = (—iAs — k/2)¢ — N2ige0 + iy (€in + Ein)
+ VK 28in2, (2a)
0 = w,P, (2b)

‘ Vmw,,h

(20)

where Ay = w. — @ is the detuning of the cavity resonance
frequency w, relative to the probe field frequency w;; O and
P are the dimensionless position and momentum quadrature’s
of the mechanical oscillator, respectively; ks and «g, are the
decay rates of the left and right mirrors of the optical cavity,
respectively; k = kg + kg3 and I, = w,,/Q is the decay rate
of the mechanical mode, with Q the mechanical quality factor.
Here the mechanical noise P, = i(lAJ;fn — 5in) / V2 affecting the
nanomechanical oscillators satisfies the Markovian correla-
tion functions

(PP (") = (71 + 5)8( — 1), (3a)
g = 1/[exp(hw, /kgT) — 1], (3b)
where 7y, is the mean number of the thermal excitations of the

mechanical bath at temperature 7. The probe field is squeezed
and satisfies [12,19,25]

(@in(0)e] (1)) = [1 4 ¢ sinh® ()18 — 1), (4a)
(@} ()en(t)) = ¢ sinh®(Ms(t — 1), (4b)
(@ el @) = Le7¢ sinh(2r)s(t — 1), (4c)
(in()éin(t")) = 3€¢ sinh(2r)8(t — 1), (4d)

where ¢ denotes the output-coupling efficiency of the opti-
cal parametric oscillator, which is employed to prepare the
squeezing light, and « = 0 (;r /2) denotes phase (amplitude)
quadrature squeezing.

We consider weak optomechanical coupling and a strongly
driven optical cavity field. This allows us to linearize the quan-
tum dynamics of fluctuations around the mean amplitudes
[24,26] é = € + 8¢ and b = B + 8b. The effective coupling
strength between the optical field and the mechanical res-
onator after the linearization procedure is defined as G = g;e.
By omitting the § symbols in the quantum fluctuations, the
linearized optomechanical Langevin equations are given by

&= (—iA — «/2)¢ — V2iGO + Vicy éin + VK oim,  (5)

; T A

b= (=iwn = Tn/2b+ —b" —iG(@ +¢") + VTbins,
(5b)

where A = Ag+ go(B + B*) is the effective detuning of
the probe laser [24]. The input mechanical operator Ein’f(t)
combines the external force to be detected F(¢z) and a
noise operator, representing the total stochastic drive on the
system [22]

F@)+ Ll3m(t) L

N 1
Bins (1) = —i e
) l«/Zma)mth V2 V2

b (t).
(6)

Next we introduce the feedback control in the system dy-
namics. The reflected field ¢, is defined via the input-output
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relation [26]

=K1 &(t) + Cin(1). (7

We implement the phase-sensitive detection of the quadrature
at phase 6,

éout (t) =

710 6oul (t) + 619 6oul (t)
V2 '

The photocurrent measured by the homodyne detector is
given by

®)

out (t) -

in(t) = X2.) + /1 — Xl (). ©)

where the vacuum noise operator X, () satisfies the auto-
correlation relation (X, (t)X,(t)) = %8(t —1"). The effective
detection efficiency 1 consists of three parts: detector quantum
efficiency 74, optical propagation efficiency 7,, and equiv-
alent efficiency arising from the detector electronic noises
n = ngNo/(1 + Se/Ssn). Here S¢ /Ssn denotes the electronic-to-
shot-noise ratio [23].

By assuming the filter function gg, is constant in the rele-
vant frequency band [21] and a finite feedback delay time t,
the input probe field with the feedback loop is written as

Cin(t) = Cino () + groip(t — T). (10)

Here Cip o(¢) is the original input probe field and gy, is the feed-
back gain. Neglecting the dispersion effects of the electronic
feedback loop, the photocurrent is given by

in(t — 1) = — ,/”‘“(r T)+€i0\/géin(t—f)
—ei",/—n;SIGT(t—r)Jrei" Zﬂ'n(t 7)

+gmy/1 — Xt — 7). (1)

By taking the Fourier transform of all the terms via o[w] =
ffooo dt " o(t), we write the Eq. (11) in the frequency domain

. . K
inlole” =—e 00 [T o] 4 10 w”\fz Cinl0]

i 1 A, i AT
_61(0+wr) 77 S [ ]+el(9+u)t) [ m[a)]

+ gnmeTy/1 — n)?f []. (12)
|
—iA — kpp/2 A
A A* iA = kjy/2
—1G —1G
iG iG

Stability requires that all eigenvalues of the matrix A reside
in the closed left half plane. This condition, derived using
the Routh-Hurwitz criterion, is detailed in Appendix B. The
solution of Eq. (15) in the frequency domain is given by

o] = (—iwlyxq — A)~ ' Hipy r[]. (18)

The equation of motion of the cavity field is obtained by
combining Egs. (5a) and (10)—(12),

—iwé[w] = (—iA — kp/2)¢w] + AéT[w]

—iG(blw] + b'[0]) + /Knlinplw],  (13)
where
e plo] = T [(r n \/%e“@”))ém[w]

I'L l(eﬂf‘l’e) T[(,()] +gbel(6ﬂ)+9)

=

/Ksl(l U)Af[a)]_i_g O —0) lel(l -

X Cv[w + «/@Cilﬁ[a) i|7 (14)

with 6g, = wt. The feedback-modified cavity decay rate is
Kip = K + Z;Leiw“”e), where u = k518m+/1n/2. In addition,
A = —pel®*9 represents the parametric coupling strength
between the annihilation operator ¢ and creation operator
¢" of the feedback-induced optical field mode, analogous
to the self-parametric interaction of intracavity optical fields
[16,27,28]. In the intracavity squeezing model, the equivalent
parameter A is defined as 2i&, with & a complex parame-
ter quantifying the intracavity squeezing coupling strength.
Under specific conditions, quantum feedback control offers
a viable alternative capable of supplanting the intracavity
squeezing scheme. This coupling strength governs the non-
linear behavior of the optical field and also indicates that
the system meets the minimum requirements for feedback-
enhanced sensing [29]. The equations of motion can be
summarized in the matrix form

—iwilw] = Ai[w] + Hiin plo], (15)
where
ifw] = [elo], ¢'[w], blw], b [o]]", (16a)
H = diag[/kp, JF VT, \F (16b)
fino[@] = [Ginple], & plo], binslw], B [o]]".  (16c)
The drift matrix A is defined as
—iG —iG
—iwmlf Ty/2 F;G/Z a7
/2 iwy — /2

(

By substituting #i(w) into the input-output relation i,y [w] =
—Miiw] + fiin[w], we have

foulw] = M (iwlyxg + A) " Hitig pplo] + fin[o]

(19)
= S[wliin wle] + finw],
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finlw] = [nlo], & [0], buslw], b [0]]",  (20a)
foulw] = [Conl@], &)y [w], boulw], B, [w]]", (20b)
M = diag(y/ist, /K1, VT /Tin). (20¢)
We also define the scattering matrix S[w],
Slw] = M(iwlsxs +A) " H, @21)

where ;.4 is the identity matrix. The scattering matrix ele-
ments are given in Appendix A.

B. Force measurement

An external force displaces the mechanical resonator from
its equilibrium position and alters the cavity field via optome-
chanical coupling. Consequently, the external force signal can
be extracted by measuring the generalized in-loop quadrature
of the optical output Xfm[w],

1

Xiylo] = 5 Vel plo] + U w]ef, o]
+ ®lwlbint[w] + P[], [w]
+ e epnlw] + €7¢] [0]). (22)
Here the functions V[w] and ®[w] are defined as [21]

Y[w] =e Sy + 7S, (23)
U w] = e 981, + €755, (24)
Plw] = e 7Si3 + €750, (25)
O*[w] = e 81, + € 5)4. (26)

The reflected optical quadrature naturally combines the exter-
nal force X¢ and the quantum noise X9, | ~_,. The contribution
of the external force is

00— ML wlfle] - Dlo]f
r = \/;m(© [w]F [w] — P[w]F[w])
— Lﬁ[w]’

V2maw, i,

where the transduction force is defined as [29]
1

V2

and ,/n is from the effective detection efficiency ()E'deel =

VXS o)) + VT=13X).
To estimate the sensitivity to external force, we define the
effective force operator [21,29]

27

Flo] = —=[®*[0]F 0] — Olo]F[w]] (28)

O 0
Felw] = 1) Y (@] + Flw]. (29)
ax? [w]/0F [w]

det
Here the noise force operator is given by

«/memthXv@ P (30)
—iﬁ det! P=0-

After calculations with the correlation in the frequency
domain (note that the different noises are uncorrelated), the

Nw] =

TABLE 1. Values of the parameters used in the numerical
simulations.

Parameter Symbol Value
Effective mass m 1072 kg
Mechanical frequency W 2w x 343.13 kHz
Resonator decay rate r, 27 x 1.18 Hz
Cavity decay rate 16 w,,
Effective detection efficiency n 0.9

Decay rate of the left mirror Ks1 0.95 «
Initial phonon number N 0
Squeezing injection loss ¢ 0.99

symmetrized power spectral density of the noise force N’ [w]
is given by

Suwle] = 2mw, AT Rl (i + 1) + naalwl), 3D
where R,,[w] is the mechanical response defined by
Rulo] = |@*[w] — ®lo]? (32)

and n,4q is the noise of the measurement process. It combines
backaction noise, imprecision noise, and the quantum corre-
lations between imprecision and backaction (see Appendix D
for details).

In the case of an ideal impulsive force F[w] = const, the
spectral value of the force estimator becomes

Sir = |F*Rylo]. (33)

Here R,,[w] > 1 indicates signal amplification. To character-
ize the force sensitivity, the SNR in the case of stationary
spectral measurements is derived by using Eqgs. (31) and (33),

N

= N C L))
{zmwmﬁrm (ﬁth + % + Nadd [w]) } 2

The system’s force sensitivity, which describes the min-
imum magnitude of the input signal that can be reliably
detected, is quantified using the relation SNR[w] = 1 and has
the form

Slw] = {2mw, A, (7 + 4 + naalol)} 2. (39)

III. RESULTS

In this section we analyze the effects of the relevant system
parameters on the force measurement in both the resonance
and detuning regimes. The simulation parameters, which are
derived from a typical experimental setup of a membrane-in-
the-middle cavity optomechanical system [30], are provided
in Table I. We simulate the mechanical response, the added
noises, and the force sensitivity using Egs. (32), (D1), and
(35), respectively. The unresolved-sideband regime is con-
sidered hereafter due to its greater technical feasibility. All
results presented in Figs. 2—4 assume a thermal occupation
number of nyg = 0, corresponding to a ground-state cooled
mechanical oscillator.
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FIG. 2. (a) On-resonant mechanical response R,,[0], (b) optically
added noise of measurement r,44[0], and (c) force sensitivity at
zero temperature as a function of the optomechanical cooperativ-
ity for different feedback gain. Solid lines represent squeezed light
and dashed lines represent coherent light. The signal amplification
(R,[0] > 1) regions are shown by the red area. The parameters
6 =90°, o =90°, O =270°, and A = ,/w? + «2/4 are derived
from Fig. 3. In addition, » = 1, The other parameters are given in
Table I.

A. On-resonance mechanical response and optically added noise

Figure 2(a) shows the on-resonant mechanical response
R,,[0] versus the optomechanical cooperativity C for different
feedback gain and squeezing levels. We see that a large gain is
obtained at small cooperativities and a higher feedback gain.
Squeezing has no effect on signal amplification.

Figure 2(b) shows that the feedback reduces the additional
measurement noise at small optomechanical cooperativity and
the appropriate choice of other parameters. The introduction
of squeezing further suppresses the additional measurement
noise. There exists an optimal optomechanical cooperativity
to minimize measurement noises n,qq[0], which depends on
the balance between backaction noises and imprecision noises
in the system [31]. In the absence of feedback force, both
backaction noise and imprecision noise persist in the open-
loop measurement. At the selected feedback delay phase,
the mechanical oscillator response R,[0] and the backaction
noise increase with the feedback gain, while the imprecision
noise decreases with the feedback gain. Therefore, there ex-
ists an optimal gain that minimizes the measurement noise

(a)
0.65
N
I =
0.6 &
~
0.55 Z
>
< 05 i
0.45 2
R
0-4 8
S
0.35
0.3
0.3

10?0 Sensitivity (N/vHz)

A/ w?k + K2 /4

FIG. 3. (a) Force sensitivity as a function of the measurement
angle 0, squeezed angle «, and fixed values of feedback phase 6y, =
270° and laser detuning of A = /w2 + «2/4. The area below the
black line (R,, = 1) and above the white line (1,434[0] < 0.8) denotes
the area that satisfies simultaneously noise reduction and signal am-
plification (R,,[0] > 1). (b) Force sensitivity at zero temperature as a
function of the laser detuning A, feedback delay angle 6, and fixed
values of the squeezed angle o = 90° and the measurement angle
0 = 90°. The transparent light gray shaded area denotes the region
that satisfies simultaneously added noise suppression (71,44[0] < 0.8)
and signal amplification (R,,[0] > 1). Here C =0.25, u =0.2 «,
and r = 1. The other parameters are given in Table I.

n,4d[0] and maximizes the measurement sensitivity during
the measurement. The optimal value of p is determined by
maximizing the force sensitivity. The feedback enhances the
mechanical response to external signals by modifying the ef-
fective mechanical susceptibility. The measurement noise also
depends on the feedback gain and phase. The signal-to-noise
ratio (sensitivity) can be improved at appropriate feedback
parameters.

Using the squeezing light associated with appropriate
feedback, we get the highest force sensitivity at low op-
tomechanical cooperativity, as shown in Fig. 2(c). We find
that under current measurement conditions with C = 0.1, the
squeezed light can achieve a 3.26-dB enhancement in force
sensitivity at resonance compared to the coherent light. With
the proper selection of feedback gain, the measurement sensi-
tivity can be further increased by 0.43 dB.
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FIG. 4. (a) Oft-resonant mechanical response R,,[w], (b) opti-
cally added noise n,ql[w], and (c) force sensitivity as a function
of the normalized frequency for different values of feedback gain
and squeezing levels, with the other parameters fixed. Solid lines
represent squeezed light (0 = 58.50°, 6, = 270°, and o = 60.84°)
and dashed lines represent coherent light (6 = 45.40° and 6y =
297.39°). Here C = 0.1 and r = 1. The other parameters are given
in Table I.

Figure 3(a) illustrates the force sensitivity as a function
of the measurement angle 6 and the squeezed angle «, with
the other parameters are fixed. The region between the black
(below) and white (above) dashed lines denotes the signal
amplification R,,[0] > 1 and the added measurements noises
suppression n,q4[0] < 0.8 (0.8 is the minimum measurement
noise achieved by coherent light without feedback). We see
that amplitude quadrature squeezing (squeezed angle o =
7 /2) and measurement angle 8 = 7 /2 (phase quadrature) are
preferable to achieve the optimal sensitivity for on-resonance
mechanical response in C = 0.25.

Figure 3(b) shows the force sensitivity as a function of
the detuning A and feedback delay angle 0y, with the other
parameters kept fixed. A transparent light gray shaded area
denotes the added measurement noise suppression and the
signal amplification. We find that there exist multiple com-
binations of the detuning A and feedback delay angle 6y, that
can achieve the optimal sensitivity. Figure 3(b) indicates that
the best force sensitivity can be achieved when the feedback
delay angle 6y, is around 0 and 1.5. Note that the feedback
delay phase angle and the detuning and measurement angles

<

2.5
10 %
z
2 p—
10 >
:
» 1013 %
9]

Q
100 2

10

(w - w;n)/rm

FIG. 5. Force sensitivity as a function of thermal phonon num-
ber and normalized frequency. The parameters are 8 = 58.50°, a =
60.84°, 0g, =270°, r =1, u = 0.15¢, A = /w2, +«?/4, and C =
0.1. White lines denote the contour line of the sensitivity and the red
line denotes the sensitivity bandwidth (defined as a 3-dB degradation
of the sensitivity) versus the thermal phonon number.

collectively form the global phase of the system’s measure-
ment. The optimal global phase is determined by various
parameters of the system, such as the detection efficiency 7,
optomechanical cooperativity C, and feedback gain gg,. Under
the current set of parameters, the feedback delay phase at
around 0 or 1.5 can increase the response of the mechanical
oscillator R,,[0] and reduce the measurement noise 7,44[0],
thereby enhancing the measurement sensitivity.

B. Off-resonance mechanical response and optically added noise

The off-resonant optically added noise, mechanical re-
sponse, and the force sensitivity as a function of the
normalized frequency for different feedback gain and squeez-
ing levels are illustrated in Fig. 4. We see that increasing
the feedback gain improves the amplification of the force
signal while the bandwidth remains almost unchanged. Under
fixed feedback gain, the squeezing has no effect on the signal
amplification, as shown in Fig. 4(a). Figure 4(b) shows that the
squeezing suppresses the optically added noise. When associ-
ated with appropriate feedback gain, the added noise reaches
its minimum values. At a normalized frequency deviation of
w — w, = 0.02 x I, the use of squeezed light without feed-
back leads to a 1.85-dB improvement in force sensitivity com-
pared to the coherent light without feedback control, as shown
by the blue dashed line in Fig. 4(c), highlighting the inherent
benefit of squeezing. In contrast, the use of squeezed light
with appropriate feedback enables a force sensitivity enhance-
ment of 2.12 dB, as shown by the red solid line in Fig. 4(c).

C. Sensitivity of the system with different initial phonon number

In the above analysis, we assume the initial phonon
number to be ng = 0. Figure 5 illustrates the force sen-
sitivity as a function of the thermal phonon number and
normalized frequency. Thermal noise is shown to greatly
reduce the force sensitivity of the optomechanical system.
Therefore, the cooling of the environment to ensure a low
thermal noise number [20,30,32-37] is crucial to achieve a
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high-precision force sensing. For example, a system operat-
ing at zero temperature (ng, = 0) can realize a sensitivity of
Slw] = 6.5 x 10720 N/ /Hz. However, at room temperature
(T =300 K and nyg, = 1.8 x 107), the sensitivity is degraded
to S[w] = 2.46 x 10710 N/\/E. Although the force sensi-
tivity degrades with increasing initial phonon number, the
sensitivity bandwidth (defined as a 3-dB degradation of the
sensitivity) is broadened, as shown by the red line in Fig. 5.
This can be explained using Eq. (34), from which the sen-
sitivity bandwidth Aw is determined by n,qq[Aw] = 3(ny, +
% ~+ 4/3n,44[0]). This relation shows that Aw scales linearly
with ng,.

IV. EXPERIMENTAL FEASIBILITY

In this section we discuss the experimental feasibility of
the proposed scheme. First, the parameters of the mechanical
resonator, optical cavity, and effective detection efficiency,
as list in Table I, are all achievable with the state-of-the-
art technology. In Ref. [30], enhanced sideband cooling by
feedback-controlled light was implemented in a resolved-
sideband optomechanical system. To adapt to our scheme, it is
straightforward to redesign the optomechanical system to op-
erate in an unresolved sideband by shortening the Fabry-Perot
cavity. Note that ground-state cooling via feedback techniques
has been experimentally realized in an unresolved-sideband
cavity optomechanical system [20].

To address the need for separate feedback systems of the
mechanical resonator’s cooling and weak-force sensing, we
propose to employ two laser fields that are separated by one
free spectral range of the optomechanical cavity. More pre-
cisely, coherent light with a wavelength of XA, is employed
to implement the feedback cooling loop to prepare the mem-
brane in the ground state. Subsequently, the squeezed light
Ay with a readily available squeezing parameter of [38] is
used for the weak-force measurement according to Fig. 1. In
summary, the key components of our scheme, ground-state
cooling and squeezed-light-enhanced weak-force measure-
ment, are feasible with current technology.

V. CONCLUSION

We have proposed a high-precision weak-force sensing
scheme that utilizes squeezed light and feedback control in
an unresolved-sideband cavity optomechanical system. By
combining the injection of squeezed light with measurement-
based feedback, such optomechanical systems can function
as highly sensitive force sensors. The feedback-controlled
in-loop light effectively amplifies the force signal, while the
squeezed light significantly suppresses measurement noise.
The combination of these two approaches improves the force
sensitivity to approximately the order of 10~2° N/+/Hz near
the mechanical resonance frequency. This scheme is im-
plemented in an unresolved-sideband cavity optomechanical
configuration, which is technically easier and more feasible
than systems operating in the resolved-sideband regime. In
our scheme, the results of the force sensitivity are affected
by the appropriate selection of various parameters. Machine
learning may be used to quickly optimize the force sensitivity
by searching the setting of multiple parameters. On the other

hand, the current measurement system is based on analysis
in the frequency domain. The measurement time equals the
integration time of the spectral measurement, which is long
enough to cover the dynamics of the system. We leave for
future work the analysis of the weak-force measurement in the
time domain and the dynamical capture of weak-force signals
using a Lie-algebra decoupling framework [39]. In addition,
our scheme may be applied to multimechanical mode optome-
chanical systems by tuning phonon-hopping interactions [40].
It is possible to enable enhanced control over the measurable
bandwidth.
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APPENDIX A: SCATTERING MATRIX ELEMENTS

The susceptibilities of the cavity field and the mechanical
oscillator are given by

(AL)
(A2)

X w] = —iA +iw — kp/2,
x5, 0] = —iw, +iw —T,/2.

Using x![w] = (xc[-w])* and x;[w] = (xm[—@])*, we ob-
tain the matrix elements s;; (i, j =1, ...,4) as

St = YRk 4G X (0] Ol @] — xl@])
+ T xmlolxplo] — 4)Z,
Sz = ik xel ol [ol{4G (mlw] — xlo])
+ A4 = T2 pmlolx i [0))Z,
S13 = 2iGV ki1 D xel@] xml@l(1 + A xS [w])
X (Cpxplo] —2)Z,

(A3)
(A4)

(A5)
S1s = 2iGv/kg T xelwl x 0]
x (14 AxZo])(=2 4 Tpxmlo)Z,
So1 = stk xel ol x (o l{4G? (xplw] — xmlw])
+ A*(4 = T xmlolx i l0]))Z,
S = ik xS 0l4G xe[@] (@] — xmlw])
+ T xmlol X [w] — 4)Z,

523 = _ZiGV Ks1 FmX(;k [w]Xm[w]
x (1 + A*xelwD)(=2 + Ty xploDZ,

(A6)

(AT)

(A8)

(A9)
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o = =206k Tux 0 x;[w]
x (14 A xelw]) (=2 + Ty xmlw])Z, (A10)
831 = 2iGv/ kUi xe[@] xm[w]
X (A*x¢ @] — DR + Ty xlw])Z,
S32 = 2iG /i T x [0l Y[ 0]
X (Axe[o] = D@2+ TyxploDZ,
S33 = AT Xml @] (|A ] xe[@] X @]
+ G xplol{xelw] — xllw]
+ (A = AN xe[wlxi o]} — DZ,
S34 = 20 xml@] X, [0]2G* {x[0] — x[]
+ (A = A)xelwlxtol}
+ T (1 = [AP xe[@]xF [0))Z,
Sy = =2iG kT xc[@lx, o]
X (A*x¢ @] — DR + Ty xmlw])Z,
Sz = =216 /iy Trux [l o]
X (Axc[w] = D)2 + Ty xmlwDZ,
Saz = 2T xml@l xp[0] 2G* {xe[w] — xiw]
+ (A = A xe[olxi[w]}
+ Tu(—1 + [AP xe[@]x i [0])Z,
Sas = AT X[l (| A xe[@] X (@]
+ G Xl @) {12 0] — xc[w]
+ (A" = N)xe[olxi o]} — DZ.
Here Z is defined as
Z = (4G*{x[w] — xe[w] + (A* = A)xc[w]
X xelol}(xmlo] — x,l@])
+ T xmlolxglo] + 4| A1 xe[o] X o]
— AP xel@] xS (@]l xmlw] L] — 4) 7.

(Al1)

(A12)

(A13)

(Al4)

(A15)

(Al6)

(A17)

(A18)

(A19)

APPENDIX B: SYSTEM STABILITY

When all eigenvalues of the drift matrix A have negative
real parts, the system is stable [41]. However, directly solving
for the roots of higher-order characteristic equations is often
analytically intractable, particularly in complex systems. This
has led to the demand for algebraic methods that can deter-
mine stability without explicitly solving the equations. The
Routh-Hurwitz criterion is a classical method for assessing the
stability of feedback control systems. It constructs the Routh
array based solely on the coefficients of the characteristic
equation polynomials. When the signs of the elements in the
first column are consistent, the stability of the system can be
efficiently determined. The algebraic nature of this method
renders it particularly advantageous for engineering practice.
The elements of the first column (C;, C,, C3, and Cy) in the
Routh array are given by

C] = Fm +K1 > 0, (Bl)

Cy = 2K\ (4T2 + 4T, K| + K;) + 8T,,0% > 0,  (B2)

K
C3 = —4G*Kzw, + fwi >0, (B3)

K:
Cy = ermCQ + KiCow?, — C1C3 > 0, (B4)

K, =4A%* + k% +
Ky=A+

where Ki =« +2ucos(@p —6),
8Au sin(Op, — 0) + 4k cos(By, — 6), and
usin(fg, — 0) — wsin(Og, + 0).

APPENDIX C: DYNAMIC BACKACTION

In this appendix we discuss how optical backaction influ-
ences the mechanical system. In the case of nonzero feedback
gain (g # 0) and nonzero detuning (A # 0), the dynamics
of the system become increasingly complex because of the
mutual coupling between the amplitude and the phase of
the optical field, both of which are additionally coupled to the
mechanical system. Equation (32) can be rewritten as

NRu[w] = 20 fimp | Xert[@] |7, (C1)
where

fimp = Gt ([ xe[@] {1 + 2Re(A* xe[—w])
+ (AP xe[=011} + | xe[—w] {1 + 2Re(A* xc[w])
+ [AP]xe[@] P} — 2Refe™ xf[—wlx (@]
X (1 + A" xe[—oD(1 + A" xc[w])}), (C2)
| xete[@]] = 21i(| xml@] — x[@]DZ[o]], (C3)

and x,[w], x.[w], and Z[w] are given in Appendix A. Here
fimp is the transfer function between the displacement spec-
trum and the optical quadrature spectrum and | Keit[w]|?
defines the modified mechanical susceptibility, which is ex-
pressed as the original mechanical susceptibility xo and an
additional term E. This modification has the form of a “self-
energy” [26]

xetrlw] ™' = xolw]™ + Elw]
_ me + 2(Uwopt —w’ — io(Ty, + Fopl) . (C4)

Wm

From Eq. (C4) we can obtain the frequency-dependent op-
tomechanical damping rate Iop[@w] = —w, Im(E[w])/w and
mechanical frequency shift wop; = @, Re(E[w])/2w. We then
define a modified frequency-dependent mechanical resonant
frequency ), = w,, + wope and an effective damping T, =

Ty + Copt.
An analytical solution for E[w], which determines the op-
tomechanical damping rate I'op[@w] = —w,, Im(E[w])/w and

the mechanical frequency shift wop = w, Re(Elw]) /2w, is
Elo] =2G(ixclw] —ix;[»])
1 .
+ w—[y,z(a)2 — w,zn + ll"ma))

m

+ 2 G wy, sin(@ + 0)]xelwlx @] (C5)
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FIG. 6. Plot of the characteristic frequency shift of the mechan-
ical oscillator due to the optical spring effect varying with C. The
same plotting parameters as in Fig. 2 were used.

Its real and imaginary parts are

Ng
Re(E[w]) =D—, (Co6)

where
Ng =4{[-4AG? 0, + 1P (0* — w}))
+ 2G? juw,y sin(Bg, + 6)
— 4G pwy sin(Op — 0)|[4A% + 4p* + k% — 40”
+ 4icpcos(Bp, — 0) + A sin(Bg, — 0)]
— AT )0’k + 21 cos(O — 0)1},
Dg = wn{[4A% + 4 + «*
+ 8Apsin(@g, — 6)1> + 16w [k + 2 cos(Bg, — 6)1%},
(C8)
|

(&7))
— 4* + 4dicpu cos(Bp, — 0)

nadlw] =

w2
(,u cos(Bp + 0 — 2a) + — cos(20 — 2u)

sl

Ky
R o ][ (V[o]¥[-o] + V[-o]¥* [a)])|—|:—+

>§ smh(2r)] + Re(\ll [w]¥*[— a)]—

and
Im(E[w]) = &, (C9)
Dy
where
N, :4{T‘m,uza)[4A2 + 4,u2 + k2 — 40
+ 4x o cos(Bp, — 0) + 8A sin(Bg, — 6)]
+ 4wk + 2 cos(Bp, — O[—4AG*w,,
+ (0 — @) 4 2G* o, sin(O, + 0)
— 4G pwy, sin(Op, — )1}, (C10)
D; = Dg. (C11)

When ¢ = 0 and w = w,,, Egs. (C6) and (C9) are consistent
with previous results using a sufficiently weak laser, as shown
in [24]. As indicated by Eq. (C6), the mechanical frequency
shift is determined by the detuning A, the feedback gain p, the
phase angle of the feedback delay 6y, and the measurement
angle 6 under C and r. Figure 6 shows the frequency shift of
the mechanical resonator versus C, with other parameters held
constant. The resonance frequency in Fig. 2 refers to the char-
acteristic frequency of the mechanical resonator incorporating
the frequency shift shown in Fig. 6.

APPENDIX D: ADDED NOISE OF MEASUREMENT

The added noise of measurement 7,44[w] characterizes the
effective increase of the thermal excitations of the mechanical
reservoir arising from the backaction of the optical mode. It
consists of the backaction noise, imprecision noise, and the
quantum correlations between the imprecision and backaction
and is given by

2 2

2u ); sinh?(r)

Ksi1

+ K+
2 Ks1n < :

4K?

Ko+ —>

fb n

+ (2Ks + 8K3)¢ sinh?(r) + [(mm - %)ﬂi“ + 4K?Z cos[2(a — 9)]]; sinh(2r)}>

+ Rel:e_ie(lll*[—a)] + \p*[w])L (% + K4 sinh?(r) + Kse %% ¢ sinh(2r)>i|

+ Re{eia(\y*[_w] + \I"*[w])# |:K5€_i0 + 2K5€_i0{ sinhz(r) + <\/§?

5€i0) e_2i°‘§ sinh(2r)] }

1 20 — 6 1—
+ 1 sy 4 RO Ghan + L2 (D1)

2 2 27

where
Ki =k +2ucos(Op — 0), (D2)
Mo i —

K4 = J/Ks1 + \/?gle O 9), (D3)
Ks = —H¢iom, D4
5 2@6 ( )
Ko = pe ' Ont0), (D35)
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