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Coherent Microwave-to-Optical Conversion via Six-Wave Mixing in Rydberg Atoms
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We present an experimental demonstration of converting a microwave field to an optical field via
frequency mixing in a cloud of cold 3’Rb atoms, where the microwave field strongly couples to an electric
dipole transition between Rydberg states. We show that the conversion allows the phase information of the
microwave field to be coherently transferred to the optical field. With the current energy level scheme and
experimental geometry, we achieve a photon-conversion efficiency of ~0.3% at low microwave intensities
and a broad conversion bandwidth of more than 4 MHz. Theoretical simulations agree well with the
experimental data, and they indicate that near-unit efficiency is possible in future experiments.
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Coherent and efficient conversion from microwave and
terahertz radiation into optical fields and vice versa has
tremendous potential for developing next-generation
classical and quantum technologies. For example, these
methods would facilitate the detection and imaging of
millimeter waves with various applications in medicine,
security screening, and avionics [1-4]. In the quantum
domain, coherent microwave-optical conversion is essential
for realizing quantum hybrid systems [5], where spin
systems or superconducting qubits are coupled to optical
photons that can be transported with low noise in optical
fibers [6]. The challenge in microwave-optical conversion is
to devise a suitable platform that couples strongly to both
frequency bands, which are separated by several orders of
magnitude in frequency, and provides an efficient link
between them. Experimental work on microwave-optical
conversion has been based on ferromagnetic magnons [7],
frequency mixing in A-type atomic ensembles [8—11],
whispering-gallery resonators [12,13], or nanomechanical
oscillators [14—16]. All of these schemes include cavities to
enhance the coupling to microwaves. The realization of
near-unit conversion efficiencies as, e.g., required for trans-
mitting quantum information remains an outstanding and
important goal. Recently, highly excited Rydberg atoms
have been identified as a promising alternative [17,18], as
they feature strong electric dipole transitions in a wide
frequency range from microwaves to terahertz [19].

In this Letter, we demonstrate coherent microwave-to-
optical conversion of classical fields via six-wave mixing in
Rydberg atoms. Because of the strong coupling of milli-
meter waves to Rydberg transitions, the conversion is
realized in free space. In contrast to millimeter-wave
induced optical fluorescence [20], frequency mixing is
employed here to convert a microwave field into a
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unidirectional single frequency optical field. The long
lifetime of Rydberg states allows us to make use of
electromagnetically induced transparency (EIT) [21],
which significantly enhances the conversion efficiency
[22]. A free-space photon-conversion efficiency of 0.3%
with a bandwidth of more than 4 MHz is achieved with our
current experimental geometry. Optimized geometry and
energy level configurations should enable the broadband
interconversion of microwave and optical fields with near-
unit efficiency [17]. Our results, thus, constitute a major
step towards using Rydberg atoms for transferring quantum
states between optical and microwave photons.

The energy levels for the six-wave mixing are shown in
Fig. 1(a), and the experimental setup is illustrated in
Fig. 1(b). The conversion of the input microwave field
M into the optical field L is achieved via frequency mixing
with four input auxiliary fields P, C, A, and R in a cold
atomic cloud. Starting from the spin polarized ground state
|1), the auxiliary fields and the microwave field M, all of
which are nearly resonant with the corresponding atomic
transitions, create a coherence between the states |1) and
|6). This induces the emission of the light field L with
frequency w; = wp + wc — w4 + wy — wg such that the
resonant six-wave mixing loop is completed, where wy is
the frequency of field X (X € {P,R,M,C,L,A}). The
emission direction of field L is determined by the phase
matching condition k; =Kkp+ k- -k, + ky, — kg,
where ky is the wave vector of the corresponding field.
The wave vectors of the microwave fields k, and k,, are
negligible, since they are much smaller than those of the
optical fields and, to an excellent approximation, they
cancel each other. Moreover, we have k. = kg, thus the
converted light field L propagates in the same direction as
the input field P. The transverse profile of the converted
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FIG. 1. (a) Relevant energy levels of a 8’Rb atom coupled
by six nearly-resonant electromagnetic fields: |1)=[5S,,,F=2,
mp=2), |2)=[5P3y,F=3,mp=3), [3)=[30D;,,m;=1/2),
|4> = \31P3/2,m1 = 1/2), |5>:|30D5/2,m_]:1/2>, and |6> =
|5P3;, F =2, mp = 1). Polarizations of the fields are indicated
in brackets. The microwave field M (~84 GHz) is converted to
the light field L (%780 nm) by six-wave mixing. (b) Experimental
setup. Auxiliary light fields P, C, and R propagate collinearly
along the z axis. They are focused onto the center of a Gaussian-
distributed atomic cloud. The fields M and A are emitted from
horn antennas enclosing an angle of 20°, and propagate hori-
zontally. The bias magnetic field B along z defines the quantiza-
tion axis. The copropagating fields L and P are separated by a
polarization splitter (1/4 4+ PBS) and detected simultaneously
with avalanche photodiodes. The inset shows the simulated
intensity and beam profile of the L field.

light field L resembles that of the auxiliary field P due to
pulse matching [23,24] as illustrated in Fig. 1(b).

An experimental measurement begins with the pre-
paration of a cold cloud of %’Rb atoms in the |5,
F =2,mp =2) state in a magnetic field of 6.1 G, as
described previously in [25]. At this stage, the atomic cloud
has a temperature of about 70 uK, a 1/€2 radius of W, =
1.85(10) mm along the z direction and a peak atomic
density ny = 2.1(2) x 10'° cm~>. We then switch on all of
the input laser and microwave fields simultaneously for
frequency mixing. The beams for both C and R fields are
derived from a single 482 nm laser, while that of the P field
comes from a 780 nm laser, and the two lasers are
frequency locked to a single high-finesse temperature
stabilized Fabry-Perot cavity [25]. The 1/e* beam radii
of these Gaussian fields at the center of the atomic cloud are
wp =25(1) um, we =54(2) um, and wg = 45(1) um,
respectively, and their corresponding peak Rabi frequencies
are QY =27 % 1.14(7) MHz, QY = 27 x 9.0(5) MHz,

and Qg)) =27z x 6.2(3) MHz. The two microwave fields
M and A, with a frequency separation of around 450 MHz,

are generated by two different microwave sources via
frequency multiplication. They are emitted from two sep-
arate horn antennas and propagate in the horizontal plane
through the center of the atomic cloud, as shown in Fig. 1(b).
The Rabi frequencies 0, and €4 are approximately uniform
across the atomic cloud volume that intersects the laser
beams. The Rabi frequency of the A field is Q4 =
27 x 1.0(1) MHz, while the Rabi frequency of the M field
Q,, is varied in different measurements. The details of the
microwave Rabi frequency calibrations are presented in
[26]. The P and L fields that emerge from the atomic cloud
are collected by a diffraction-limited optical system [25],
and they are separated using a quarter-wave plate and a
polarization beam splitter (PBS). Their respective powers
are measured with two different avalanche photodiode
detectors. Each optical power measurement is an average
of the recorded time-dependent signal in the range from 6 to
16 ps after switching on all the fields simultaneously, where
the delay ensures the steady state is fully reached.

We experimentally demonstrate the coherent microwave-
to-optical conversion via the six-wave mixing process by
two measurements. First, we scan the detuning Ap of the P
field across the atomic resonance and measure the power of
the transmitted field P (Pp) and the power of the converted
optical field L (P;) simultaneously. All other input fields
are held on resonance. The results of this measurement are
shown in Fig. 2(a), where the spectrum of the transmitted
field P (red squares) exhibits a double peak structure.
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FIG. 2. (a) Spectra of fields P (red squares) and L (purple

circles). The microwave field M has detuning A,; = 0 and Rabi
frequency Q; = 27 x 1.25(12) MHz. The error bars indicate the
standard deviation of five measurements. The solid curves are
obtained from our theoretical model. (b) The Fourier-
transformation of the optical heterodyne signal between the L
field and a reference optical field for a pulse duration of 500 us.
The frequency difference between the two fields is f, =
9.5517 MHz. The solid line shows the fit of a |sinc| function
to the data. (c) The relative phase of the heterodyne signals for a
phase modulated M field. Triangular modulations of 7 kHz and =
amplitude (green circles) and of 14 kHz and 37 amplitude (blue
squares) are shown. The phase is extracted by numerically
demodulating the heterodyne signals [26]. The solid lines show
the input phase modulation of the M field.
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The signature of the six-wave mixing process is the
converted field L (purple circles), and its spectrum features
a pronounced peak around Ap = 0.

Second, to verify the coherence of the conversion, we
perform optical heterodyne measurements between the L
field and a reference field that is derived from the same
laser as the P field. Figure 2(b) shows that the Fourier
spectrum of a 500 us long beat note signal has a transform-
limited sinc function dependence. The central frequency of
the spectrum confirms that the frequency of the converted
field L is determined by the resonance condition for the six-
wave mixing process. Furthermore, we phase modulate the
M field with a triangular modulation function and observe
the recovery of the phase modulation in the optical
heterodyne measurements, as shown in Fig. 2(c). This
demonstrates that the phase information is coherently
transferred in the conversion, as expected for a nonlinear
frequency mixing process.

We simulate the experimental spectra by modeling
the interaction of the laser and microwave fields with
the atomic ensemble within the framework of coupled
Maxwell-Bloch equations [26]. The time evolution of the
atomic density operator ¢ is given by a Markovian master
equation (7 is the reduced Planck constant),

i
819 = _E [H’ Q] + [’}/Q + Edethv (1)

where H is the Hamiltonian describing the interaction of an
independent atom with the six fields, and the term £, ¢
describes the spontaneous decay of the excited states. The
last term, Lyepne in Eq. (1), accounts for dephasing of
atomic coherences involving the Rydberg states |3), |4),
and |5) with the dephasing rates y,, ypp, and y,, respec-
tively [26]. The sources of decoherence are the finite laser
linewidths, atomic collisions, and dipole-dipole inter-
actions between Rydberg atoms. The dephasing rates affect
the P and L spectra and are found by fitting the steady state
solution of coupled Maxwell-Bloch equations to the
experimental spectra in Fig. 2(a). All other parameters
are taken from independent experimental measurements
and calibrations. We obtain y; = 2z x 150 kHz, ypp =
27 x 150 kHz and y, = 27 x 560 kHz and keep these
values fixed in all simulations.

The system in Eq. (1) exhibits an approximate dark
state [26],

D) o (3,Q¢(1) — 3, Qp[3) + Q1Qp[5)).  (2)

for Q;/Qp = —Q\Q/(Q},QF), where Q; is the Rabi
frequency of field L. This state has a nonzero population
only in metastable states |[1), |3), and |5), and it is
decoupled from all of the fields. The population in |D)
increases with the buildup of the converted light field along
the z direction, and thus, P; saturates when all atoms are
trapped in this state. Figure 3 shows the dependence of the
output power P; on the optical depth Dp « nyw, of the
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FIG.3. P; vsoptical depth Dp, with all fields on resonance. Dp

is varied by changing n, and the other conditions are the same as
for Fig. 2(a). The circles are experimental data, and the solid line
is the theoretically simulated curve. The error bars correspond to
the standard deviation of four measurements.

atomic cloud, and the theory curve agrees well with the
experimental data. The predicted saturation at Dp ~ 20 is
consistent with the population in |D) exceeding 99.8% at
this optical depth.

Next, we analyze the dependence of the conversion
process on detuning and intensity of the microwave field
M. All auxiliary fields are kept on resonance and at
constant intensity. Figure 4(a) shows P; as a function of
the microwave detuning A,,. We find that the spectrum of
the L field can be approximated by a squared Lorentzian
function centered at Ay, = 0, and its full width at half
maximum (FWHM) is ~ 6 MHz. The FWHM extracted
from microwave spectra at different intensities 7, [38] is
plotted in Fig. 4(b). The FWHM has a finite value
>4 MHz in the low intensity limit, and it increases slowly
with [, due to power broadening. This large bandwidth is
one of the distinguishing features of our scheme, and it is
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FIG. 4. (a) The spectrum of P; against microwave detuning A,
for I); = 42(8) pW/mm?2. (b) FWHM vs I,,. The FWHM is
extracted by fitting a squared Lorentzian function to the spectra.
(c) P, as a function of M field intensity /,,. The inset shows P
over a much larger range of 7,,. (d) The efficiency # calculated for
the data shown in (c). The circles represent experimental data and
solid curves simulation results. The vertical error bars in (a) and
(c) correspond to the standard deviation of 4—6 measurements,
and in (b) to the errors from fitting. The horizontal error bars in (c)
are estimated uncertainties. The error bars in (d) are calculated
from those in (c).
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essential for extending the conversion scheme to the single-
photon level [13]. In Fig. 4(c), we show measurements of
P; vs the intensity of the microwave field /,, at Ay, = 0.
We find that the converted power P; increases approx-
imately linearly at low microwave intensities, and thus, our
conversion scheme is expected to work in the limit of very
weak input fields. The decrease of P; at large intensities
arises because the six-wave mixing process becomes
inefficient if the Rabi frequency Q,, is much larger than
the Rabi frequency Q, of the auxiliary microwave. All of
the theoretical curves in Fig. 4 agree well with the experi-
mental data.

We evaluate the photon-conversion efficiency of our
setup by considering the cylindrical volume V where the
atomic cloud and all six fields overlap. This volume has a
diameter ~2wp and a length ~2w, [see Fig. 1(b)]. We
define the conversion efficiency as

":IPSL/};L:L ’ 3
MO M Ny

where Sy, = 4wpw, is the cross section of the volume V
perpendicular to k;,. The efficiency # gives the ratio of the
photon flux in L leaving volume V over the photon flux in
M entering V. As shown in Fig. 4(d), the conversion
efficiency is approximately # ~ 0.3% over a range of low
intensities, and then it decreases with increasing /,,. Note
that # in Eq. (3) is a measure of the efficiency of the
physical conversion process in the Rydberg medium based
on the microwave power 1,,S;, impinging on S,,. This
power is smaller than the total power emitted by the horn
antenna since the M field has not been focused on V in
our setup.

The good agreement between our model and the exper-
imental data allows us to theoretically explore other
geometries. To this end, we consider that the microwave
fields M and A are copropagating with the P field, and we
assume that all other parameters are the same [26]. We

numerically evaluate the generated light power Pl for this
setup and calculate the efficiency 5/ by replacing P; with
Pl and S,, with SI, = zw2 in Eq. (3). We find 5! ~ 26%,
which is approximately two orders of magnitude larger than
n. This increase is mostly due to the geometrical factor

S M/S,L ~ 91, since Pl ~ P, . Note that such a value for 7l is
consistent with the efficiency achieved by a similar near-
resonance frequency mixing scheme in the optical
domain [39].

In conclusion, we have demonstrated coherent micro-
wave-to-optical conversion via a six-wave mixing process
utilizing the strong coupling of electromagnetic fields to
Rydberg atoms. We have established the coherence of the
conversion by a heterodyne measurement and demon-
strated a large bandwidth by measuring the generated light
as a function of the input microwave frequency. Coherence

and large bandwidth are essential for taking our scheme to
the single-photon level and using it in quantum technology
applications. Our results are in good agreement with
theoretical simulations based on an independent-atom
model, thus showing a limited impact of atom-atom
interactions on our conversion scheme.

This work has focussed on the physical conversion
mechanism in Rydberg systems and provides several
possibilities for future studies and applications. Alkali-
metal-atom transitions offer a wide range of frequencies in
the optical and microwave domain with properties similar
to those exploited in this work. For example, the conversion
of a microwave field to telecommunication wavelengths is
possible by switching to different optical transitions and/or
using different atomic species [18,40,41], which makes our
approach promising for classical and quantum communi-
cation applications. Moreover, it has been theoretically
shown that bidirectional conversion with near-unit effi-
ciency is possible by using a different Rydberg excitation
scheme and well-chosen detunings of the auxiliary fields
[17]. Such a nonlinear conversion with near-unit efficiency
has only been experimentally realized in the optical domain
[42]. Reaching this level of efficiency requires good mode
matching between the millimeter waves and the auxiliary
optical fields [17], which can be achieved either by tightly
focusing the millimeter wave or by confining it to a
waveguide directly coupled to the conversion medium
[11,43]. Eventually, extending our conversion scheme to
millimeter waves in a cryogenic environment [44,45]
would pave the way towards quantum applications.
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I. THEORY

The numerical simulations presented in the main text
are performed within the framework of the Maxwell-
Bloch equations, with the central relations derived in
Sec. I A. The input parameters for the simulation results
are given in Sec. I B, and Sec. I C discusses the details of
the dark state mentioned in connection with Fig. 3 of the
main text. Finally, details about the simulation for co-
propagating microwave and optical fields are described
in Sec. ID.

A. Maxwell-Bloch equations

We model the interaction of all microwave and laser
fields with the atomic ensemble within the standard
framework of coupled Maxwell-Bloch equations. Due to
the low atomic density and small Rydberg populations,
interactions between Rydberg atoms are weak and are
described by effective dephasing rates in the single-atom
picture. We decompose all electric fields as

Ex =E{ (r,t) +ce., (S1)

where Eg;r) is the positive frequency part of field X (X €
{P,C,A,M,R,L}). The positive frequency part of Ex is
written as

Egj)(r, t) = ex&x(r,t) ellkxr—wxt) (S2)

where ex is the unit polarisation vector, wx is the central
frequency, kx is the wave vector and Ex is the envelope
function of field EFx. The master equation describing the
quantum dynamics of the single-atom density operator g
can be written as

1

8tQ:_h

[Ha Q} + ‘C’yQ + cdeph@» (83)

where H is the Hamiltonian for a single atom interacting
with the six external fields. In the electric-dipole and

rotating-wave approximation, we find

H =—h[ApA + (Ap + Ac)Ass
+(Ap + Ac)Ass + (Ap + Ac + Ay Ass
+(Ap + Ac + An) Age)

h
-3 (QpAar + QcAsze + Qa Az
+QMA54 =+ QRA56 + QLAﬁl —+ HC) s (84)

where A;; = |i)(j| are atomic transition operators be-
tween the states introduced in Fig. 1(a) of the main text.
In the derivation of Eq. (S4) we assumed that the six
microwave and laser fields drive a resonant loop,

wp +we +wym —wr —wa —wr, =0. (85)

Furthermore, we assumed that the phase matching con-
dition

ki, =kp +kc+ky—kr —ka (SG)

is fulfilled. The detuning parameters Ap, Ag and Ay in
Eq. (S4) are defined as

Ap =wp — wa1 , (S7a)
AC =Wc — Ws2, (S7b)
AM =WM — W54, (S?C)
where wy; is the transition frequency between levels |k)

and |7). The Rabi frequencies of the various fields are

ds; -ep

Op =2 &p, (S8a)
Q¢ = 2‘1327'6050, (S8b)
Qp = Qd?"‘T'eAgA, (S8c)
O = Q%TWSM, (S8d)
Qg = Q%T'QRSR, (S8e)
= %01 CLg (S8f)
and
dr = (k|d]l) (S9)



is the matrix element of the electric dipole moment op-
erator d on the transition |k) < |l). The term L£,0 in
Eq. (S3) accounts for spontaneous emission of the ex-
cited states that we describe by standard Lindblad decay
terms,

I
Lyo=— 5 <A229 + 0A20 — 2A129AJ{2)
I
-3 (AGGQ + 0Ag6 — 2A16QAJ{6>
- % (A33Q + 0A33 — 2A239A;3>
— % (A559 + 0As55 — 2A659AI;5>
Yr

— 5 <A44Q + 0A4 — 2A14QAI4) .

In this equation, I" is the full decay rate of states |2) and
|6) that decay back to the ground state |1). The terms
proportional to 7., v,» < T in Eq. (S10) account for the
decay of the meta-stable Rydberg states |3), [4) and |5).
More specifically, v, is the decay rate of states |3) and
|5), and ~,» corresponds to that of state |4). The latter
terms represent a simplified model for the decay of Ryd-
berg states, which in general decay to various lower-lying
states outside our simple six-level model via cascades as-
sisted by blackbody radiation [S1]. However, we find that
our results do not depend on the details of the Rydberg
decay terms since v, and -, are by far the smallest fre-
quencies in our model (see Sec. IB).

The last term in Eq. (S3) accounts for dephasing of
atomic coherences due to finite laser linewidths, atomic
collisions and dipole-dipole interactions between Rydberg
atoms,

(S10)

Lacpn0 = — Ya (Az30 + 0Azs — 2A330A33)
— 74 (As50 4+ 0As5 — 2A550A455)
— VoD (Aa0 + 0Ass — 2A440A44) . (S11)

The dephasing rates -4, v, and ypp are free parame-
ters and are obtained from a fit to experimental data as
described in Sec. IITE.

We only treat fields P and L in a self-consistent way
and assume that the depletion of the other fields is small.
The propagation of the P and L fields inside the medium
is governed by Maxwell’s equations. In the paraxial ap-
proximation we find

i 1
S AL 4040 ) Qp = 2inp 021, (S12a)
Qkp C

i 1
(—IAL + -0+ az) Qp, = 2inLog,  (S12b)

2k,

where kp (kr,) is the wavenumber of the P (L) field and
Al =92+ 65 is the transverse Laplace operator. The
coupling constants np and 7, are given by

nat|d21|2
== S13
p 2h€0€ wp , ( a‘)
nat|d61|2
= — S13b
s 2heoc WL ( )

and c is the speed of light. The set of equations (S3)
and (S12) represent a system of coupled, partial differ-
ential equations and have to be solved consistently for
given initial and boundary conditions. We numerically
find the steady-state solution of Egs. (S3) and (S12)
with MATHEMATICA [S2] and the implicit differential-
algebraic solver (IDA) method option for NDSolve.

B. Input parameters

We assume that the fields C and R are unaffected
by the interaction with the atoms and thus take the
free-space solutions of Maxwell’s equations in paraxial
approximation in order to describe their spatial profile.
Fields C and R propagate in —z direction and are given
by

izg

QO — Q(O) —izar? /[wd (z+izc)] 14
oerr) = 0 s
— (0) iZR —iZRT'z/[sz(Z-‘riZR)]
Qr(z,7) = Qy 7z+izRe ,  (S14b)

where z¢ (zr) is the Rayleigh length and we¢ (wg) is the
beam waist of field C (R) at z = 0, and Q(CO) (Qg))) is
the peak Rabi frequency at the center of the beam waist
of field C (R). In Eq. (S14), » = y/22 + y? denotes the
radial distance from the z axis. The microwave fields M
and A are assumed to be constant throughout the atomic
sample. We model the density profile of the atomic cloud
in z direction by

Mot (2) = e 2 0(2 + 2nan)0(Zmax — 2),  (S15)
where 6(z) is the Heaviside step function, zmax = 1.5w,
and w, is the 1/e? radius of the Gaussian density profile.
For a given optical depth Dp and cloud radius w,, the
peak atomic density 7,4 in Eq. (S15) is determined by

Zmax -1

e 2(z/w:)*

(S16)

"~ Zmax

where 7] = wp|da1|?/(2hegc).

The P field is focussed at the center of the atomic cloud
at z = 0 and propagates in z direction. The initial con-
dition for the P field in the x — y plane at the entrance
of the medium at —zy.x is thus given by

iZP

e*iZP"Q/[w}% (Zmax+izp)]
Zmax + 1zp

QP(*Zmaxa T) = Qg))

)

(S17)

where zp is the Rayleigh length and wp is the beam waist
of field P. The corresponding initial condition for €1y, is
Qr(—2max, ) = 0.

The simulation results presented in the main text are
obtained with the following parameters:
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FIG. S1. Probability Pp for the atoms at the center of the
atomic cloud to be in the dark state |D). The parameters
correspond to those of Fig. 4 in the main text.

e Fig. 2: Ap is varied. Q) = 27 x 9.04 MHz, Q) =
27 x 6.2MHz, Q) = 27 x 1.14MHz, Qy = 27 X
1.25 MHz, Qp = 27 x 1.06 MHz, Ay = 0, A¢ =
—27 x 0.1 MHz and Dp = 14.0.

e Fig. 3: Dp is varied. Q) = 27 x 9.04 MHz, Q) =
27 x 6.2MHz, Q) = 27 x 1.14MHz, Qy = 27 x
1.25 MHz, Qa = 27 x 1.06 MHz, Ap = 0, Ay = 0
and Ac = —27 x 0.1 MHz.

e Fig. 4: Ay and Qy are varied. QgJ) = 27 X
9.04MHz, Q) = 27 x 6.2MHz, QF = 27 x
1.14MHz, Qa = 27 x 1.06 MHz, Ap = 0, Ag = 0
and Dp = 14.3.

The values for these parameters are taken from experi-
mental measurements and calibrations. Common param-
eters for all three figures are I' = 27 x 6.067 MHz, ~, =
1.53 x 1073, ~,» = 1.02 x 1073, v4 = 27 x 0.15 MHz,
v, =27 x0.56 MHz and ypp = 27 x 0.15 MHz. Here I is
the decay rate of the 5P3,, state [S3], 7, corresponds to
the decay rate of the 30D states and ~, is the decay rate
of the 31P state. The values for the Rydberg decay rates
are taken from [S4, S5] and correspond to an ambient
temperature of 300 K.

C. Dark state

Here we show that the Hamiltonian in Eq. (S4) exhibits
a so-called dark state |D) [S6]. For Ap = A, = Ay =0
and

Q3 QF
Qr/Qp = — AR 1
L/Qp o0 (S18)
one of the eigenstates of H takes the form
D) = C(Qif2c[1) — Qe [3) + Qa0 [5)) . (S19)

and the normalisation constant is
B 1
VORI + 93 (98 + Q2)

The eigenstate | D) has non-zero population only in states
[1), |3) and |5) that are all meta-stable. The density
operator

C

(S20)

op = |D){D| (S21)

is thus an approximately stationary solution to the mas-
ter equation (S3), 0;op ~ 0. Furthermore, all the matrix
elements of pp between allowed dipole transitions of our
atomic level scheme vanish, and hence atoms in this state
are decoupled from all six fields.

We calculate the probability for the atoms to be in
state | D) by

2
Po= (1| Vmevas|) . s
where g is the steady-state solution of Eq. (S3) at a given
position (z,r) in space. The result for atoms at the center
of the cloud at r = 0 is shown in Fig. S1. We find that
Pp increases with optical depth, and Pp = 99.86 % at
Dp = 20.

D. Co-propagating fields

The good agreement between our model in Sec. TA
and the experimental data allows us to theoretically ex-
plore the case where the microwave fields M and A are
co-propagating with the P field. In this case, we also
treat the M field in a self-consistent way. In paraxial ap-
proximation, the propagation of the M field is governed
by

2km

where kyp is the wavenumber of the M field and

i 1
(—IAL + E&g + 5Z> Qv = 2inv 021 , (523)

Nat|d54]?
25600

is the coupling constant. The initial condition for the M
field in the x — y plane at —zpax i

M = (524)

Ot ) = QO VMo /[ G +Hiz)]
M(—Zmax, ) = Qg PR ’
(S25)

where zp is the Rayleigh length and wy is the beam
waist of field M. We assume that wy; = 5mm is larger
than the wavelength Ay =~ 3.6 mm of field M in order
to be consistent with the paraxial approximation. The
peak Rabi frequency is 91(\9[) = 27 x 0.61 MHz and we set
Ay = 0. Note that wy > wp and thus the microwave
intensity is approximately constant over the transverse
beam profile of the P field. With all other parameters as
in Fig. 4 we find that the conversion efficiency is nll ~ 0.26
in this geometry.



II. EXPERIMENTAL DETAILS

A. Electric transition dipole moments and fields
intensities

In the six-wave mixing scheme of Fig. 1(a), each elec-
tric dipole transition is coupled to one given field X. Be-
low, we list for each transition the respective electric tran-
sition dipole moment, the field X to which it couples to,
and if applicable the estimated peak intensity and waist
of field X based on calibrations given in Sec. III.

TABLE I. Relevant electric transition dipole moments |d|,
field intensities, and waists. |dk| is given in the units of e ao,
where e is the elementary charge, and a¢ is the Bohr radius.

Transition |di| Field Peak intensity Waist
(in units of eao) (W m™?) (pm)

1) < [2) 2.99 P 1.15 24.8
|2> < [3) 0.0138 C 80 x10°  53.8
13) > |4) 74.5 A 135 x107* NA
14) « |5) 546.8 M NA NA
[5) «> |6) 0.00914 R 1.7 x 10° 45.4
1) < [6) 1.22 L NA NA

B. Numerical phase detection

The beat signal to be demodulated is of the form
ft)=Ao+ Acos 2nfct + ¢ (t)),

where Ag is a constant, A is the amplitude of the beat
note, f. = 9.5517 MHz is the center frequency, and ¢ (t)
is the phase to be recovered. The numerical demodu-
lation and phase detection are done by first multiplying
the beat note f(¢) with the complex exponential function
of frequency f., then applying a low-pass Fourier filter
(convolution product in time domain with the impulse
response of the filter Kern(t)), and finally recovering the

phase ¢(t) :

F(t) = f(t) emr2rdet
f(t) « f(t) * Kern(t)
o(t) < Arg[f(t)]

¢(t) = Unwrap [¢(1)],

The Fourier filtering corresponds to a low-pass filter of
300 kHz cutoff frequency. Arg computes the phase in ra-
dians in the interval |—m, 7], and the result of the phase
detection is unwrapped such that it does not show un-
physical phase jumps of 27 in the case where ¢ (t) lies
outside this interval.

IIT. CALIBRATION OF THE EXPERIMENTAL
PARAMETERS

A. General method

Many of our experimental parameters are extracted
from fitting the spectra of the P field power transmitted
through the atomic cloud versus Ap, where Ap is the de-
tuning of the P field, as defined by Eq. (S7a). The trans-
mission spectra are recorded as T (Ap) = Ppout/Pp,in,
where Ppi, and Pp oy are the input and output P field
powers. The experimental conditions for these calibra-
tions are similar to the ones reported in the main text
for the actual six-wave mixing experiment, except that
only the fields relevant to each parameter calibration are
used in the measurements, as described in the next sub-
sections.

The transmission spectra are recorded with P field
intensities Ip much smaller than the saturation inten-
sity Is = 16.69 Wm™2 of the |1) < |2) transition [S3].
Thus the atomic coherence gg1 in Eq. (S12a) may be re-
placed by its approximation calculated at first order in
Qp, which we write as 021 = gé})Qp, where gz(}) is the
first order Taylor coefficient. Furthermore, the spatial
profile of the P field in the transverse dimension is much
narrower than the C and R fields, but still relatively well
collimated. We shall write the P field in steady state
as Ep(r,z) = Epin(r,0) f(r, z), where Epin(r,0) denotes
the P field in absence of atoms at z = 0. To a good
approximation, we will neglect the transverse Laplacian
A Ep(r, z) in Eq. (S12a), hence obtain a one-dimensional
linear differential equation satisfied by f(r,z). This last
assumption is confirmed by the quasi absence of lensing
effects in the calibration experiments [S7]. Eventually,
those different approximations lead to the following equa-
tion, used for fitting the P field transmission spectra as

in Ref. [S§]

T—i/mzmg w02 exp (—Dp Tm | o] ) d

= N . P,in\T, p P 1lm 67[_0[ T T,
(S26)

where Dp is the optical depth a (r) refers to the linear

polarizability, and N = f |Ep in(r,0)|?27rdr. The op-
tical depth is proportional to the column density, and
writes

6w

Dp =~ nat(2)dz, (527)
ks
while the linear polarizability is given by [S9]
a(r) = w7 07 e (). (S28)

Eq. (526) is used as a fitting formula for most of our
calibrations. The calibrations are performed sequentially
with increasing number of input fields in order to limit
the number of free fitting parameters, as shown in the



following subsections. The calibrations of the laser waists
wp, wg, and wg are performed with imaging techniques
as described in Ref. [S7], and will not be discussed in this
section.

B. Optical depth Dp

(@) (b)
5Py (F=3,me=3)

0
L
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o
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FIG. S2. (a) Two-level scheme for the measurement of the
optical depth Dp. The P field of ot polarization drives the
transition from the ground state |55, F' = 2, mr = 2) (|1))
to the excited state |5Ps/2, F' = 3,mr = 3) (|2)). (b) Typ-
ical spectra showing the power transmission of the P field
versus Ap and fitting curves. The P field transmission is
recorded versus detuning Ap with Rabi frequency Qg)) =
271 x 0.46 £0.03 MHz. The two spectra are taken with atomic
samples which have the same 1/e? radius w, = 1.8540.1 mm
but different atomic densities (see main manuscript for the
preparation). The solid lines are fits to Eq. (S29).

The optical depth Dp is extracted directly from the
two-level transmission spectra, obtained when only the
P field is sent onto the atoms. In this case, the polariz-
ability « is independent of r and the fitting formula (S26)
reduces to

D
T (Dp, Ap) = exp (-jﬂ ) . (S29)
1+

T2

Two sample spectra and fits to Eq. (S29) are shown in
Fig. S2, that provide calibrations for the optical depth
Dp, and also for the position of the centerline laser fre-
quency where Ap = 0, i.e. wp = wsy. The results of the
fits show that the optical depth of the two corresponding
atomic samples are Dp = 13.14+0.3 and Dp = 4.0£0.2.

C. Dephasing of the EIT spectra 74 and Rabi
frequency Q¢

When we add the coupling field C to the previous
two-level excitation scheme, the recorded transmission
spectra are typical of electromagnetically induced trans-
parency (EIT), as illustrated in Fig. S3, with a trans-
mission peak that occurs when the resonance condition

@ 3) ee—30D,(m,=1/2) ®)

0.8 — T T T T T T

e Experiment|
Fit

Qg(o-) 0.6

0.4

Y
[2) ?Tp 5P,(F=3,m=3)
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Transmission I/l |

Qp(o+) 00

-15 -10 -5 0 5 10 15
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1) e 58,5(F=2,m;=2)

FIG. S3. (a) Three-level scheme for the measurement of the

Rabi frequency Qg)). The C field of o~ polarization drives
the transition from the [5P5 /5, F = 3,mr = 3) (|2)) state to
[30D3/2,my = 1/2) (|3)), and Qc is the Rabi frequency of
the C field, while other features of the excitation scheme are
similar to that of Fig. S2. (b) Typical spectrum showing the
power transmission of the P field versus Ap and fitting curve.
The P field transmission is recorded versus detuning Ap. The
spectrum is taken with the following experimental conditions:
optical depth Dp = 10.1 £ 0.2; peak atomic density no =
1.7+ 0.2 x 10*° cm_?’; 1/e2 radius of the atomic cloud w, =

1.6 4+0.2 mm; Q) = 27 x 0.42 4 0.03 MHz. The solid line is
a fit to Eq. (S26).

Ap + Ac = 0 is satisfied [S10]. In this three-level case,
the polarizability entering Eq. (S26) writes [S11]

a(r) = 31 i
kP L —inp + el

(S30)

where Q¢ (r) is given by Eq. (S14) at z = 0. The fits of
the EIT transmission spectra to Eq. (S26), with optical
depth Dp as input parameter from the previous measure-
ment, yield calibrations for v4, Ac, and the peak Rabi
frequency Q(CO). In the particular case of Fig. S3, the re-
sults of the fit are 74 = 27 x 0.11 £ 0.015 MHz, A¢c =
—27 % 0.26 £ 0.15 MHz and Q) = 27 x 5.0 + 0.15 MHz.
The dephasing rate 4 varies depending on the various
experimental parameters that affect the population in
Rydberg state |3). If we acquired the EIT spectrum of
Fig. S3 with experimental conditions as in Fig. 2 of the
main text, we would obtain a larger value of 7,4/27 in the
range 0.15 — 0.2 MHz, very similar to the value that will
be obtained from fitting the six-wave mixing spectra in
subsection IITE.

The measurement of Qg ) is done very similarly, while
simply replacing the optical field C by the optical field
R in the three-level scheme of Fig. S4(a). However,
in this latter case, the optical frequency of the R field
is tuned to drive the transition [5Ps/, F' = 3,mp =
3) <> [|30D5,5,m; = 1/2). As a result, we measure
the Rabi frequency of the coupling of R field with the
5P/, F' = 3,mp = 3) < |30D5/5,m; = 1/2) tran-
sition. This Rabi coupling then needs to be multiplied



by 1.22 in order to retrieve the Rabi coupling Q](E? ) corre-
sponding to the R field driving the transition |5P; /5, F' =
2,mp = 1) <+ [30D5 /5, m; = 1/2) in the actual six-wave
mixing experiment.

D. Microwave field amplitude

@) 30D55(m,=1/2) (b)
—|5) 0.8 . . . . i i
A e Experiment
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FIG. S4. (a) Four-level scheme for the measurement of the
Rabi frequency of field M. The field M drives the transi-
tion from the Rydberg state [30D5,2,ms = 1/2) (|5)) to the
nearby Rydberg state |31P;,5,my = 1/2) (|4)), with a res-
onance frequency of about 83.714 GHz. The other features
of the excitation scheme are similar to that of Fig. S3, ex-
cept that the optical frequency of the C field is tuned to
drive the transition |2) < [30D5/2,ms = 1/2) instead of
[2) <> |30D3,2, my; = 1/2). €y is the Rabi frequency associ-
ated with the microwave field. (b) Typical spectrum showing
the power transmission of the P field versus Ap and fitting
curve (see text). The spectrum is taken with the following
experimental conditions: optical depth Dp = 10.540.5; peak
atomic density no = 1.8 £0.2 x 10'° cm™3; 1/e? radius of the
atomic cloud w, = 1.6+0.2 mm; Q) = 27 x0.4140.03 MHz;
QY = 27 x 5.2+ 0.15MHz; Ac = 27 x —0.07 + 0.05 MHz;
and Ay = 27 x 0.04 & 0.05 MHz. The solid line is a fit to
Eq. (S26).

The microwave field amplitudes are calibrated by mea-
suring the Rabi frequencies resulting from the electric-
dipole coupling between the microwave fields and the
relevant atomic transitions, as done for example in refer-
ences [S8, S12-S14]. As given by Egs. (S8d) and (S8c),
the Rabi frequencies 21 and 25 are proportional to the
respective field amplitudes &y and €4 and the respective
dipoles |d43| and |d45]. We use the four-level EIT scheme
of Fig. S4(a) for the particular measurement of the field
M amplitude which is described in this subsection. The
main idea is simply to fit the recorded spectra of the P
field when both C and M fields are present.

A splitting of the transparency window appears in the
spectra due to microwave dressing of the EIT dark state,
as shown in Fig. S4. The parameters Dp and Qg)) ex-
tracted previously from the spectra acquired without mi-
crowave field are taken as inputs when using Eq. (S26)
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FIG. S5. (a) Six-level scheme for measuring the dephas-
ing coefficient vypp. The field A drives the transition from
the Rydberg state |30D3/2, ms = 1/2) (|3)) to the Rydberg
state [31P;5/2,my = 1/2) (]4)) whose transition frequency is
~ 0.454 GHz smaller than one of the |5) — |4) transition.
The field R drives the transition from state |5) to |5Ps /2, F' =
2,mp = 1) (|6)). The other features of the excitation scheme
are similar to that of Fig. S4. O\ is the Rabi frequency asso-
ciated with the microwave field M, and Qg that of the field R.
(b) Typical spectra showing the optical powers of the trans-
mitted P field and converted L field versus Ap and fitting
curves. The data are acquired with the following experimen-
tal conditions: optical depth Dp = 14.0 £ 0.15; peak atomic
density nog = 2.1 +0.2 x 101 cmf?’; l/e2 radius of the atomic
cloud w, = 1.85+ 0.1 mm ; Q) = 27 x 1.14 + 0.05 MHz;
QY = 27 x 9.04 £ 0.5MHz; Ac = 27 x —0.1 + 0.1 MHz;
QY = 27 x 6.2 £ 0.3MHz; Ar = 27 x 0 + 0.5MHz;
Qa = 27 x 1.0 £ 0.1 MHz; Qm = 27 x 1.25 + 0.12 MHgz;
Ar = 27 x 0 £ 0.056 MHz; and Am = 27 x 0 £ 0.05 MHz.
The fitting curve is obtained from the three-dimensional sim-
ulation.

to fit the data shown in Fig. S4. The free fit param-
eters are the microwave Rabi frequency 2y, the de-
phasing rates v4 and vpp, introduced in Sec. I, and
fields detunings. We obtain Qy = 27 x 1.33(10) MHz,
vpp = 21 x 0.12(2) MHz, and 74 = 27 x 0.13(2) MHz
for the data of Fig. S4.

The measurement is done very similarly for the mi-
crowave field A. For this purpose, the optical frequency
of the C field is tuned to drive the transition |2) <>
130D3,2,m; = 1/2) instead of [2) <> [30D5,5, m; = 1/2)
in the scheme of Fig. S4(a), while the A field drives the
130Ds3,9,m; = 1/2) <+ [31 P55, m = 1/2) transition.

E. Dephasing rates v4, vypp, and v}

The dephasing rates, v, Ypp, and v}, are introduced
in Sec. I in order to simulate the effects of interaction
induced level shifts due to van der Waals or resonant
dipole-dipole interactions. The calibration of these pa-
rameters used for the simulation of the six-wave mixing
experiment are performed with the actual experimental
conditions described in the main manuscript. More pre-



cisely, they are extracted from fitting the P and L fields
spectra shown in Fig. S5(b)[Fig.2 (a) of the main text).
The calculations for the fit are carried out with the model
described in Sec. I. 74, Yypp, and 7/, are left as free fit
parameters in the fitting procedure, while all the other
parameters are known inputs to the calculation. The
fit result shown in Fig. S5 yields v4 = 27 x 0.15 MHz,
ypp = 2w x 0.15 MHz, and ~/, = 27 x 0.56 MHz. We

find that these dephasing rates do not vary much in the
parameter range relevant to the experiment, and hence
we keep their values constant in all the other simulations
reported in the main manuscript. The value for vy is sim-
ilar to that found in subsection S3, which is consistent
with the fact that resonant dipole-dipole interactions on
the transition [3) <> |4) are rather weak, hence do not
affect much the transmission of the P field.
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