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A B S T R A C T

A five-level M-type scheme in atomic ensembles is proposed to generate a one-dimensional
bipartite superradiance lattice in momentum space. By taking advantage of this tunable atomic
system, we show that various types of Su-Schrieffer-Heeger (SSH) model, including the standard
SSH and extended SSH model, can be realized. Interestingly, it is shown that through changing
the Rabi frequencies and detunings in our proposed scheme, there is a topological phase
transition from topological trivial regime with winding number being 0 to topological non-
trivial regime with winding number being 2. Furthermore, a robust flat band with higher
winding number (being 2) can be achieved in the above topological non-trivial regime, where
the superradiance spectra can be utilized as a tool for experimental detection. Our proposal
would provide a promising approach to explore new physics, such as fractional topological
phases, in the flat bands with higher topological number.

. Introduction

There has been a surge of interest in flat band physics [1], where one or more dispersionless bands exist throughout the
rillouin zone. Many theoretical proposals for searching flat band systems have been made [2–10] and its captivation has become
xceptionally pronounced following the experimental realization in twisted bilayer graphene [11–14]. Due to the macroscopic
evel degeneracy in flat bands, lots of interesting physical phenomena, such as ferromagnetism [3,7,9,15,16], Wigner crystals [17]
nd superconductivity [18,19], can be induced. In particular, isolated flat bands with non-trivial topological properties have
lso attracted much attention, since fractional topological phases, such as fractional quantum Hall and fractional Chern insulator
tates [20–28], can be simulated without Landau levels. More interestingly, the flat bands with higher topological number
e.g., higher Chern number) can host qualitatively new phases of matter with no analogue in the flat band being similar to the
ontinuum Landau level [29–31]. New types of intriguing fractional Chern insulator states, for fermions at 𝜈 = 1∕2𝑁 + 1 and for
osons at 𝜈 = 1∕𝑁 + 1, are unveiled [31]. Distinguished from the cases in 2D, 1D topological nontrivial flat bands can unusually
ead to new physical phenomena, for instance, a charge density wave with a nontrivial Berry phase, which is not a 1D analog of the
D fractional quantum Hall state [32,33]. However, most previous 1D studies have focused on the flat bands with an unit winding
umber. To explore the new physics associated with higher winding number flat bands remains unclear and stands as an obstacle
o explore.
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Here we report the discovery of a new mechanism to achieve the topological flat band with higher winding number in a
uperradiance lattice. We shall introduce this with a specific model of ultracold atoms, to be illustrated below. The key idea here

is to design the non-trivial beyond-nearest-neighbor hopping of atoms in momentum space through our proposed five-level M-
type scheme. Surprisingly, it is shown that through tuning the intensities of the coupling fields, the tunneling between atoms in
momentum space is highly tunable and the flat band with higher winding number can be achieved. This idea is motivated by the
recent experimental progresses in developing the momentum space lattice composed by the timed Dicke states, i.e., superradiance
lattices [34–40], which are the collective atomic excitations with phase correlations. Such phase correlations can be recognized as
the momenta of the collective excitations. When they satisfy the phase-matching condition, there are directional superradiant light
emissions, which can be utilized as one of the remarkable advantages to explore interesting physics in superradiance lattices, such as
chiral current [36,38], flat band localization [39], and floquet physics [41]. As we shall show with the model below, our proposed
ive-level M-type scheme can lead to the flat band with higher winding number.

2. Effective model

Let us take 87𝑅𝑏 atomic system as an example to show our proposed five-level M-type scheme, which is schematically presented
n Fig. 1. There are two excited states |𝑓 ⟩ = |𝐹 = 1, 𝑚𝐹 = 0⟩, |𝑑⟩ = |𝐹 = 1, 𝑚𝐹 = 1⟩, which can be selected from 5𝑃1∕2 state
nd 5𝑃3∕2 state, respectively. And |𝑔⟩, |𝑒⟩, |𝑚⟩ can be chosen from 5𝑆1∕2 state, such as |𝐹 = 1, 𝑚𝐹 = 0⟩, |𝐹 = 2, 𝑚𝐹 = 0⟩ and
𝐹 = 2, 𝑚𝐹 = 2⟩. The probe field 𝐄𝐩 and signal field 𝐄𝐬 couple the states |𝑔⟩ and |𝑓 ⟩, |𝑒⟩ and |𝑓 ⟩, respectively. 𝛥𝑝 and 𝛥𝑠 denote
he corresponding frequency detunings. There are two far off-resonant coupling fields 𝐄𝐜 and 𝐄𝐟 , where 𝐄𝐜 spontaneously drives
oth transitions between |𝑒⟩ and |𝑑⟩, |𝑚⟩ and |𝑑⟩, since here |𝑒⟩ and |𝑚⟩ are assumed to be degenerated and the corresponding Rabi
requencies are labeled by 𝛺𝑐1 and 𝛺𝑐2 , respectively. 𝐄𝐟 also spontaneously drives both transitions between |𝑒⟩ and |𝑑⟩, |𝑚⟩ and |𝑑⟩,
here the corresponding Rabi frequencies are defined as 𝛺𝑓1 and 𝛺𝑓2 , respectively. 𝛥 describes the frequency detuning of the above

ransitions. 𝐤𝐩(𝐬,𝐜,𝐟 ) are the wave vectors of the corresponding fields, respectively. Since 𝛥 is much larger than other detunings and
abi frequencies, we can adiabatically eliminate the state |𝑑⟩ and obtain the effective Hamiltonian (see details in Appendix) in the

nteraction picture as (we set ℏ = 1)

𝐻 =
∑

𝑛

1
𝛥

(

𝛺2
𝑐1
+𝛺2

𝑓1
+ 2𝛺𝑐1𝛺𝑓1 cos 𝑘0𝑥𝑛

)

|𝑒𝑛⟩⟨𝑒𝑛|

+
∑

𝑛

1
𝛥

(

𝛺2
𝑐2
+𝛺2

𝑓2
+ 2𝛺𝑐2𝛺𝑓2 cos 𝑘0𝑥𝑛

)

|𝑚𝑛⟩⟨𝑚𝑛|

−
∑

𝑛
𝛥𝑝𝑠(|𝑒𝑛⟩⟨𝑒𝑛| + |𝑚𝑛⟩⟨𝑚𝑛|) − 𝛥𝑝|𝑓𝑛⟩⟨𝑓𝑛|

+
∑

𝑛
[ 1
𝛥

(𝛺𝑐1𝛺𝑐2 +𝛺𝑓1𝛺𝑓2 +𝛺𝑐2𝛺𝑓1𝑒
𝑖𝑘0𝑥𝑛

+ 𝛺𝑐1𝛺𝑓2𝑒
−𝑖𝑘0𝑥𝑛 )|𝑒𝑛⟩⟨𝑚𝑛| +𝛺𝑝𝑒

−𝑖𝐤𝐩⋅𝐫𝐧
|𝑔𝑛⟩⟨𝑓𝑛|

+ 𝛺𝑠𝑒
−𝑖𝐤𝐬⋅𝐫𝐧

|𝑒𝑛⟩⟨𝑓𝑛| + ℎ.𝑐 .]

(1)

where 𝑘0 = |𝐤𝐜 − 𝐤𝐟 | and 𝛥𝑝𝑠 = 𝛥𝑝−𝛥𝑠. 𝐫𝐧 labels the coordinate of the 𝑛th atom and 𝑥𝑛 is the 𝑥-component of 𝐫𝐧, where the direction
f the 𝑥-axis is determined by 𝐤𝐜 − 𝐤𝐟 . |𝑒(𝑔 , 𝑓 , 𝑚)𝑛⟩ represents the state |𝑒(𝑔 , 𝑓 , 𝑚)⟩ of the atom located at 𝐫𝐧.

By introducing the following operators associated with timed Dicke states in the Dirac notation [42] 𝑓 †
𝑗 = 1∕

√

𝑁
∑

𝑛

𝑒𝑖[𝐤𝐩+𝑗(𝐤𝐜−𝐤𝐟 )]⋅𝐫𝐧 |𝑓𝑛⟩⟨𝑔𝑛|, 𝑒
†
𝑗 = 1∕

√

𝑁
∑

𝑛 𝑒
𝑖[𝐤𝐩−𝐤𝐬+𝑗(𝐤𝐜−𝐤𝐟 )]⋅𝐫𝐧

|𝑒𝑛⟩⟨𝑔𝑛|, 𝑚̂
†
𝑗 = 1∕

√

𝑁
∑

𝑛 𝑒
𝑖[𝐤𝐩−𝐤𝐬+(𝑗−1)(𝐤𝐜−𝐤𝐟 )]⋅𝐫𝐧

|𝑚𝑛⟩⟨𝑔𝑛| with 𝑁 being the total
umber of atoms, the Hamiltonian in Eq. (1) can be transformed to a tight-binding model, 𝐻 = 𝐻𝑠 +𝐻𝑝, where

𝐻𝑠 =
∑

𝑗
𝜀𝑒𝑒

†
𝑗 𝑒𝑗 + 𝜀𝑚𝑚̂

†
𝑗 𝑚̂𝑗 +

∑

𝑗
(𝑡0𝑚̂

†
𝑗 𝑒𝑗 + 𝑡1𝑚̂

†
𝑗+1𝑒𝑗

+ 𝑡2𝑚̂
†
𝑗+2𝑒𝑗 + 𝑡3𝑒

†
𝑗+1𝑒𝑗 + 𝑡4𝑚̂

†
𝑗+1𝑚̂𝑗 + ℎ.𝑐 .)

(2)

and 𝐻𝑝 = (
√

𝑁 𝛺𝑝𝑓0 +
∑

𝑗 𝛺𝑠𝑒
†
𝑗𝑓𝑗 +ℎ.𝑐 .) −

∑

𝑗 𝛥𝑝𝑓
†
𝑗 𝑓𝑗 +𝛥𝑝𝑠(𝑒

†
𝑗 𝑒𝑗 + 𝑚̂

†
𝑗 𝑚̂𝑗 ), where 𝜀𝑒 = (𝛺2

𝑐1
+𝛺2

𝑓1
)∕𝛥, 𝜀𝑚 = (𝛺2

𝑐2
+𝛺2

𝑓2
)∕𝛥, 𝑡0 = 𝛺𝑓1𝛺𝑐2∕𝛥,

𝑡1 = (𝛺𝑐1𝛺𝑐2 +𝛺𝑓1𝛺𝑓2 )∕𝛥, 𝑡2 = 𝛺𝑐1𝛺𝑓2∕𝛥, 𝑡3 = 𝛺𝑐1𝛺𝑓1∕𝛥 and 𝑡4 = 𝛺𝑐2𝛺𝑓2∕𝛥.
As shown in Fig. 1(b), 𝑡0 and 𝑡1 describe the hoppings between nearest-neighbor sites within and inbetween the unit cells,

espectively. 𝑡2, 𝑡3 and 𝑡4 stands for the distinct beyond-nearest-neighbor hopping amplitudes, respectively. More interestingly, in
our proposed five-level M-type scheme, all the hopping amplitudes are highly tunable, which can be achieved through varying
he Rabi frequencies and detunings. Therefore, various types of Su-Schrieffer-Heeger (SSH) model, including the standard SSH and
xtended SSH model [43–47], can be realized. To gain more insight, we rewrite 𝐻𝑠 in the real space [36,38] as

𝐻̃𝑠 = ℎ𝑥𝜎𝑥 + ℎ𝑦𝜎𝑦 + ℎ𝑧𝜎𝑧 + ℎ0𝐼 (3)

where ℎ𝑥 = 𝑡0 + 𝑡1 cos 𝑘̃𝑥 + 𝑡2 cos 2𝑘̃𝑥, ℎ𝑦 = 𝑡1 sin 𝑘̃𝑥 + 𝑡2 sin 2𝑘̃𝑥, ℎ𝑧 = (𝜀𝑒 − 𝜀𝑚)∕2 + (𝑡3 − 𝑡4) cos 𝑘̃𝑥, ℎ0 = (𝜀𝑒 + 𝜀𝑚)∕2 + (𝑡3 + 𝑡4) cos 𝑘̃𝑥 and
𝑘̃𝑥 = 𝑘0𝑥. 𝐼 is the unit matrix and 𝝈 is the Pauli’s matrix. Through diagonalizing Eq. (3), the band dispersion 𝐸𝑠(𝑘̃𝑥) can be obtained
as 𝐸𝑠+ = 1

𝛥
∑

𝑖=1,2𝛺
2
𝑐𝑖
+ 𝛺2

𝑓𝑖
+ 2𝛺𝑐𝑖𝛺𝑓𝑖 cos 𝑘̃𝑥 and 𝐸𝑠− = 0. Surprisingly, it is shown that the corresponding energy bands exhibit that

there is a robust flat band for any Rabi frequency and detuning in our five-level M-type scheme. To further consider realizing a
2 
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Fig. 1. (a) The schematic plot of our proposed five-level M-type scheme. The coupling fields 𝐄𝐜 and 𝐄𝐟 drive the transition between |𝑒⟩ and |𝑚⟩. The direction
of the 𝑥-axis is determined by 𝐤𝐜 − 𝐤𝐟 . The superradiant beam is marked by the dashed line. (b) The 1D bipartite superradiance lattice in momentum space.
𝑡0 and 𝑡1 stand for the hopping between nearest-neighbor sites within and inbetween the unit cells. 𝑡2, 𝑡3 and 𝑡4 describe the distinct beyond-nearest-neighbor
hopping amplitudes, respectively. When varying the Rabi frequencies and detunings in our proposed M-type scheme, all the hopping amplitudes can be changed.
Various types of Su-Schrieffer-Heeger (SSH) model, including the standard SSH and extended SSH model, can thus be achieved.

Fig. 2. (a) The topological phase diagram of the model Hamiltonian in Eq. (4). Since here 𝛺∕𝛺̄ ≡ 𝜂 (defined in the main text) is the allowed tuning parameter,
the model in Eq. (4) can approach the regime along the red line. (b) The topological phase transition between topological trivial regime with winding number
𝜈 = 0 and topological non-trivial regime with winding number 𝜈 = 2 when varying 𝜂.

two-band Z-type topological system from the model in Eq. (3), we consider tuning the Rabi frequencies satisfying the following
relations 𝛺𝑐1 = 𝛺𝑓2 ≡ 𝛺 and 𝛺𝑐2 = 𝛺𝑓1 ≡ 𝛺̄. Therefore 𝐻̃𝑠 in Eq. (3) can be simplified as

𝐻̃ ′
𝑠 = ℎ𝑥𝜎𝑥 + ℎ𝑦𝜎𝑦 + ℎ0𝐼 (4)

where ℎ𝑥 = (𝛺̄2 + 2𝛺𝛺̄ cos 𝑘̃𝑥 + 𝛺2 cos 2𝑘̃𝑥)∕𝛥, ℎ𝑦 = (2𝛺𝛺̄ sin 𝑘̃𝑥 + 𝛺2 sin 2𝑘̃𝑥)∕𝛥, ℎ0 = (𝛺2 + 𝛺̄2 + 2𝛺𝛺̄ cos 𝑘̃𝑥)∕𝛥. The corresponding
band structure can be determined by 𝐸𝑠+ = 2(𝛺2 + 𝛺̄2 + 2𝛺𝛺̄ cos 𝑘̃𝑥)∕𝛥 and 𝐸𝑠− = 0. From Eq. (4), it is shown that 𝛺∕𝛺̄ ≡ 𝜂 is the
allowed tuning parameter here. Therefore, the Hamiltonian parameters 𝛿 ≡ (𝑡1 − 𝑡0)∕(𝑡0 + 𝑡1) and 𝛾 ≡ 2𝑡2∕(𝑡0 + 𝑡1) are constrained by
the following relation 𝛿∕𝛾 = (2𝜂− 1)∕2𝜂2. As shown in Fig. 2(a), such a constrain will effect the topological properties of the system.

Since the system belongs to Z-type, the typological nature can be characterized by the winding number defined as 𝜈 =
1
2𝜋 ∮𝐶

ℎ𝑥𝑑 ℎ𝑦−ℎ𝑦𝑑 ℎ𝑥
ℎ2𝑥+ℎ2𝑦

, where 𝐶 stands for 𝑘̃𝑥 varying from 0 to 2𝜋. We find that the model in Eq. (4) can approach the topological
regime along the red line in Fig. 2(a). There is a topological phase transition from the topological trivial regime with 𝜈 = 0 to the
topological non-trivial regime with 𝜈 = 2 when varying 𝜂 as shown in Fig. 2(b). More interestingly, we find that when the system
in the topological regime, the flat band also shows the non-trivial topological property, which is characterized by a higher winding
number 𝑤 = 1

𝜋 ∫ 2𝜋
0 𝑑𝑘̃𝑥⟨𝜓|𝑖𝜕𝑘̃𝑥 |𝜓⟩ being 2, where |𝜓⟩ is eigen-state of Eq. (4) corresponding to the flat band (see details in Appendix).

3. Superradiance spectra

The above topological phase transition can be detected through the superradiance spectra, which will reflect the changes in the
band structure [34–36,39,40]. Distinct from the spontaneous radiation, superradiance emission is a collective effect and generates a
3 
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stronger directional radiance. By setting the phase matching condition as |𝐤𝐩 + 𝐤𝐜 − 𝐤𝐟 | = |𝐤𝐩|, superradiance photon will be emitted
along the direction determined by 𝐤𝐩 + 𝐤𝐜 − 𝐤𝐟 , which is indicated by the dashed line in Fig. 1(a). The intensity of superradiance
emission can be calculated by solving the following master equation

− 𝑖 [𝐻 , 𝜌] +
∑

𝛼
𝛤𝛼

(

𝐿𝛼𝜌𝐿
†
𝛼 −

1
2
{𝐿†

𝛼𝐿𝛼 , 𝜌}
)

= 0 (5)

where 𝛼 runs over 𝑝, 𝑠, 𝑐 , 𝑓 and 𝛤𝛼 describes the corresponding transition decay rate. 𝐿𝛼 is the Linblad operator defined as
𝑝 =

∑

𝑗 |𝑔⟩⟨𝑓𝑗 |, 𝐿𝑠 =
∑

𝑗 |𝑒𝑗⟩⟨𝑓𝑗 |, 𝐿𝑐 =
∑

𝑗 |𝑒𝑗⟩⟨𝑑𝑗 | and 𝐿𝑓 =
∑

𝑗 |𝑚𝑗⟩⟨𝑑𝑗 |, respectively. Since both the probe and signal fields are
weak, atoms are mainly populated at the ground state |𝑔⟩. Then, the density matrix can be expressed as 𝜌 = |𝑔⟩⟨𝑔|+

∑

𝑗 (𝐴𝑗 |𝑒𝑗⟩⟨𝑔|+
∑

𝑗 𝐵𝑗 |𝑚𝑗⟩⟨𝑔|+
∑

𝑗 𝐶𝑗 |𝑓𝑗⟩⟨𝑔|+ℎ.𝑐 .). Substituting the above expression of density matrix into Eq. (5), we obtain the following equation
for the steady state

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

...
𝑡0 𝛥2 − 𝛥𝑝𝑠 0 𝑡4 0 0 0 0
𝑡3 0 𝛥1 − 𝛥𝑝𝑠 𝑡0 𝑡3 𝑡1 0 𝑡2
𝑡1 𝑡4 𝑡0 𝛥2 − 𝛥𝑝𝑠 0 𝑡4 0 0
0 0 𝑡3 0 𝛥1 − 𝛥𝑝𝑠 𝑡0 𝑡3 𝑡1
𝑡2 0 𝑡1 𝑡4 𝑡0 𝛥2 − 𝛥𝑝𝑠 0 𝑡4
0 0 0 0 𝑡3 0 𝛥1 − 𝛥𝑝𝑠 𝑡0

...

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

...
𝐵−1
𝐴0
𝐵0
𝐴1
𝐵1
𝐴2
...

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

...
0

− 𝛺𝑝𝛺𝑠
𝛥𝑝+𝑖𝛤
0
0
0
0
...

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(6)

where 𝛥1 = 𝛥2 + |𝛺𝑠|
2∕(𝛥𝑝 + 𝑖𝛤 ), 𝛥2 = (𝛺2 + 𝛺̄2)∕𝛥, and 𝛤 is the decay rate of |𝑓 ⟩. Note that under the condition 𝛺𝑝 ≪ 𝛺 , 𝛺̄,

it is found that 𝐶𝑗 depends linearly on 𝐴𝑗 through the relation 𝐶𝑗 = (𝛺𝑠𝐴𝑗 + 𝛺𝑝𝛿𝑗 ,0)∕(𝛥𝑝 + 𝑖𝛤 ). Through solving the density
atrix for the steady state from Eq. (6), the electric polarization intensity of atoms can be calculated via the following relation

𝐏 = −𝑒Tr [𝑈†𝜌𝑈𝐫] = 𝐏𝑝𝑒−𝑖𝜔𝑝𝑡 + 𝐏𝑝𝑠𝑒−𝑖(𝜔𝑝−𝜔𝑠)𝑡 + 𝑐 .𝑐., where 𝑈 = exp(−𝑖𝐻0𝑡) with 𝐻0 = −∑

𝑗 𝜔𝑝|𝑓𝑗⟩⟨𝑓𝑗 | + (𝜔𝑝 − 𝜔𝑠)(|𝑒𝑗⟩⟨𝑒𝑗 | + |𝑚𝑗⟩⟨𝑚𝑗 |)
(see details in Appendix). Then, the susceptibility of atomic medium can be obtained from the following relation

𝜒 = 𝑃𝑝∕𝜀0𝐸𝑝𝑒
𝑖𝐤𝐩⋅𝐫 =

∑

𝑗
𝜒𝑗𝑒

𝑖𝑗(𝐤𝐜−𝐤𝐟 )⋅𝐫 (7)

where 𝑃𝑝 is the amplitude of 𝐏𝑝 and 𝜒𝑗 = 𝜇𝑓 𝑔𝐶𝑗∕𝜀0𝐸𝑝𝑉 with 𝜇𝑓 𝑔 being the electric dipole matrix element related to the atomic
ransition between |𝑓 ⟩ and |𝑔⟩. 𝐸𝑝 is the field amplitude of the incident probe beam. 𝑉 is the volume of atom ensemble and 𝜀0 is
ermittivity of vacuum. The reflectivity 𝑅 can be calculated through the following equations [35,38]

𝜕𝑥𝐸𝑝 = −𝛽0𝐸𝑝 + 𝑖𝜅−1𝑒−𝑖𝑘0𝑥𝐸𝑟
𝜕𝑥𝐸𝑟 = 𝛽0𝐸𝑟 − 𝑖𝜅+1𝑒𝑖𝑘0𝑥𝐸𝑝

(8)

where 𝛽0 =
𝜔2𝑝

2𝑘𝑝𝑐2 sin
𝜃
2
Im(𝜒0) and 𝜅±1 =

𝜔2𝑝
2𝑘𝑝𝑐2 sin

𝜃
2
𝜒±1. 𝐸𝑟 is the field amplitude of the scattered beam, i.e. superradiance emission. The

eflectivity 𝑅 = |𝐸𝑟(0)∕𝐸𝑝(0)|
2, under the boundary condition 𝐸𝑝(0) = 𝐸0, 𝐸𝑟(𝐿) = 0, can be solved though the following relation

𝑅 =
|

|

|

|

|

𝜅+1(𝑒−𝜆𝐿 − 𝑒𝜆𝐿)
(𝛽 − 𝜆)𝑒−𝜆𝐿 − (𝛽 + 𝜆)𝑒𝜆𝐿

|

|

|

|

|

2

(9)

where 𝛽 = 𝛽0 −
𝑖
2𝑘0 and 𝜆 =

√

𝛽2 + 𝜅+1𝜅−1. 𝐿 is the length of the system along the 𝑥-axis. From Eq. (9), it is found that 𝑅 ∝ 𝐴1.
nd 𝐴1 can be obtained from Eq. (6), which satisfies the relation 𝐴1(𝛥𝑝𝑠) ∝ Dos(𝐸𝑠)|𝐸𝑠=𝛥𝑝𝑠 with Dos(𝐸𝑠) being the density of state of

he band spectra 𝐸𝑠(𝑘̃𝑥) of the Hamiltonian 𝐻̃ ′
𝑠. Therefore, when 𝛥𝑝𝑠 approaching the energy where Dos(𝐸𝑠) diverges, there should

e a peak at the intensity of superradiant emission. As shown in Fig. 3, all the peaks of the intensity of superradiant emission are
located at the saddle point of the energy spectra 𝐸𝑠(𝑘̃𝑥). The top and bottom of each energy band of 𝐻𝑠 can thus be determined.
As shown in Fig. 3 from top line to bottom line, when varying 𝜂, there is a topological phase transition. At the transition point, the
system becomes gapless. It can be detected from counting the peaks of the intensity of superradiant emission. As shown in Fig. 3(d),
there are only two peaks in 𝑅, indicating that the energy gap is closed and the topological phase transition occurs. Therefore, the
topological phase diagram as shown in Fig. 2(b) can be determined.

4. Conclusion

In summary, we propose a five-level M-type scheme in atomic ensembles to induce a 1D bipartite superradiance lattice in
omentum space. Such a lattice shows great tunability of changing both the nearest-neighbor and beyond-nearest-neighbor hopping

mplitude through varying the Rabi frequencies and detunings. Various types of SSH models can thus be achieved and a flat band
ith higher winding number can be found. We also proposed that the superradiance spectra can be utilized as a tool for experimental
etection. Our proposal would provide a promising approach to explore the new physics in the flat bands with higher topological
umber.
4 
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Fig. 3. Energy spectra of the Hamiltonian 𝐻̃ ′
𝑠 (left column) vs. superradiance emission spectra (right column) for different 𝜂: (a)(b) 𝜂 = 0.5, (c)(d) 𝜂 = 1.0 and

e)(f) 𝜂 = 2. It is shown that both the top and bottom of each energy band of 𝐻̃ ′
𝑠 can be determined by the locations of the peaks of the intensity of superradiance

mission.
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Appendix A. Effective model

The Hamiltonian of an ensemble of 5-level M-type coupled system as shown in Fig. 1(a) can be expressed as (we set ℏ = 1)
𝐻𝑆 =𝐻0 +

∑

𝑛
𝜔𝑓 𝑔|𝑓𝑛⟩⟨𝑓𝑛| + 𝜔𝑒𝑔|𝑒𝑛⟩⟨𝑒𝑛| + 𝜔𝑑 𝑔|𝑑𝑛⟩⟨𝑑𝑛| + 𝜔𝑚𝑔|𝑚𝑛⟩⟨𝑚𝑛|

+2
{

𝛺𝑝 cos(𝐤𝐩 ⋅ 𝐫𝐧 − 𝜔𝑝𝑡)|𝑔𝑛⟩⟨𝑓𝑛| +𝛺𝑠 cos(𝐤𝐬 ⋅ 𝐫𝐧 − 𝜔𝑠𝑡)|𝑒𝑛⟩⟨𝑓𝑛|

+[𝛺𝑐1 cos(𝐤𝐜 ⋅ 𝐫𝐧 − 𝜔𝑐 𝑡) +𝛺𝑓1 cos(𝐤𝐟 ⋅ 𝐫𝐧 − 𝜔𝑓 𝑡)]|𝑒𝑛⟩⟨𝑑𝑛|

+[𝛺𝑐2 cos(𝐤𝐜 ⋅ 𝐫𝐧 − 𝜔𝑐 𝑡) +𝛺𝑓2 cos(𝐤𝐟 ⋅ 𝐫𝐧 − 𝜔𝑓 𝑡)]|𝑚𝑛⟩⟨𝑑𝑛| + ℎ.𝑐 .
}

(A.1)

where 𝜔𝑓 (𝑒,𝑑 ,𝑚)𝑔 is the energy difference between |𝑓 (𝑒, 𝑑 , 𝑚)⟩ and |𝑔⟩, respectively and 𝐻0 is the kinetic energy of the free moving
tom. 𝐫𝐧 labels the coordinate of the 𝑛th atom. 𝐤𝐩(𝐬,𝐜,𝐟 ) and 𝜔𝑝(𝑠,𝑐 ,𝑓 ) are the wave vector and frequency of the corresponding laser
ields and the respective Rabi frequencies are denoted as 𝛺𝑝(𝑠,𝑐1 ,𝑐2 ,𝑓1 ,𝑓2), respectively. By transforming the Hamiltonian to a rotating

frame, we obtain the Hamiltonian in the interaction picture
𝐻𝐼 =𝑒𝑖𝐻1𝑡𝐻𝑆𝑒

−𝑖𝐻1𝑡 −𝐻1

=𝐻0+
[

∑

𝑛
𝛺𝑝𝑒

−𝑖𝐤𝐩⋅𝐫𝐧+𝑖𝛥𝑝𝑡
|𝑔𝑛⟩⟨𝑓𝑛| +𝛺𝑠𝑒

−𝑖𝐤𝐬⋅𝐫𝐧+𝑖𝛥𝑠𝑡
|𝑒𝑛⟩⟨𝑓𝑛|

+ (𝛺𝑐1𝑒
−𝑖𝐤𝐜⋅𝐫𝐧 +𝛺𝑓1𝑒

−𝑖𝐤𝐟 ⋅𝐫𝐧 )𝑒𝑖𝛥𝑡|𝑒𝑛⟩⟨𝑑𝑛| + (𝛺𝑐2𝑒
−𝑖𝐤𝐜⋅𝐫𝐧 +𝛺𝑓2𝑒

−𝑖𝐤𝐟 ⋅𝐫𝐧 )𝑒𝑖𝛥𝑡|𝑚𝑛⟩⟨𝑑𝑛| + ℎ.𝑐 .
]

,

(A.2)

where 𝛥𝑝 ≡ 𝜔𝑝 − 𝜔𝑓 𝑔 , 𝛥𝑠 ≡ 𝜔𝑠 − (𝜔𝑓 𝑔 − 𝜔𝑒𝑔), 𝛥 ≡ 𝜔𝑐 − (𝜔𝑑 𝑔 − 𝜔𝑒𝑔) = 𝜔𝑓 − (𝜔𝑑 𝑔 − 𝜔𝑚𝑔) are the corresponding detunings and
𝐻1 =

∑

𝑛 𝜔𝑓 𝑔|𝑓𝑛⟩⟨𝑓𝑛| + 𝜔𝑒𝑔|𝑒𝑛⟩⟨𝑒𝑛| + 𝜔𝑑 𝑔|𝑑𝑛⟩⟨𝑑𝑛| + 𝜔𝑚𝑔|𝑚𝑛⟩⟨𝑚𝑛|. Considering the case with 𝜔𝑐 = 𝜔𝑓 , 𝜔𝑒𝑔 = 𝜔𝑚𝑔 and 𝛥 is much larger
than other detunings and Rabi frequencies, we can adiabatically eliminate the state |𝑑⟩ and rewrite the Hamiltonian in Eq. (A.2) as

𝐻𝐼 =𝐻0 +
∑

𝑛

1
𝛥

(

𝛺2
𝑐1
+𝛺2

𝑓1
+ 2𝛺𝑐1𝛺𝑓1 cos[(𝐤𝐜 − 𝐤𝐟 ) ⋅ 𝐫𝐧]

)

|𝑒𝑛⟩⟨𝑒𝑛|

+ 1
𝛥

(

𝛺2
𝑐2
+𝛺2

𝑓2
+ 2𝛺𝑐2𝛺𝑓2 cos[(𝐤𝐜 − 𝐤𝐟 ) ⋅ 𝐫𝐧]

)

|𝑚𝑛⟩⟨𝑚𝑛|

+
[ 1
𝛥

(

𝛺𝑐1𝛺𝑐2 +𝛺𝑓1𝛺𝑓2 +𝛺𝑐2𝛺𝑓1𝑒
𝑖(𝐤𝐜−𝐤𝐟 )⋅𝐫𝐧 +𝛺𝑐1𝛺𝑓2𝑒

−𝑖(𝐤𝐜−𝐤𝐟 )⋅𝐫𝐧
)

|𝑒𝑛⟩⟨𝑚𝑛|

+ 𝛺𝑝𝑒
−𝑖𝐤𝐩⋅𝐫𝐧+𝑖𝛥𝑝𝑡

|𝑔𝑛⟩⟨𝑓𝑛| +𝛺𝑠𝑒
−𝑖𝐤𝐬⋅𝐫𝐧+𝑖𝛥𝑠𝑡

|𝑒𝑛⟩⟨𝑓𝑛| + ℎ.𝑐 .
]

(A.3)

Then, another transformation is applied to the Hamiltonian in Eq. (A.3) and we obtained that
𝐻 =𝑒𝑖𝐻2𝑡𝐻𝐼𝑒

−𝑖𝐻2𝑡 −𝐻2

=𝐻0 +
∑

𝑛
−𝛥𝑝|𝑓𝑛⟩⟨𝑓𝑛| − (𝛥𝑝 − 𝛥𝑠)(|𝑒𝑛⟩⟨𝑒𝑛| + |𝑚𝑛⟩⟨𝑚𝑛|)

+ 1
𝛥

(

𝛺2
𝑐1
+𝛺2

𝑓1
+ 2𝛺𝑐1𝛺𝑓1 cos 𝑘0𝑥𝑛

)

|𝑒𝑛⟩⟨𝑒𝑛|

+ 1
𝛥

(

𝛺2
𝑐2
+𝛺2

𝑓2
+ 2𝛺𝑐2𝛺𝑓2 cos 𝑘0𝑥𝑛

)

|𝑚𝑛⟩⟨𝑚𝑛|

+
[ 1
𝛥

(

𝛺𝑐1𝛺𝑐2 +𝛺𝑓1𝛺𝑓2 +𝛺𝑐2𝛺𝑓1𝑒
𝑖𝑘0𝑥𝑛 +𝛺𝑐1𝛺𝑓2𝑒

−𝑖𝑘0𝑥𝑛
)

|𝑒𝑛⟩⟨𝑚𝑛|

+ 𝛺𝑝𝑒
−𝑖𝐤𝐩⋅𝐫𝐧

|𝑔𝑛⟩⟨𝑓𝑛| +𝛺𝑠𝑒
−𝑖𝐤𝐬⋅𝐫𝐧

|𝑒𝑛⟩⟨𝑓𝑛| + ℎ.𝑐 .
]

,

(A.4)

where 𝐻2 =
∑

𝑛 𝛥𝑝|𝑓𝑛⟩⟨𝑓𝑛|+ (𝛥𝑝−𝛥𝑠)(|𝑒𝑛⟩⟨𝑒𝑛| + |𝑚𝑛⟩⟨𝑚𝑛|) and 𝑘0 = |𝐤𝐜 − 𝐤𝐟 |. To construct the tight binding model, we rewrite Eq. (A.4)
in the bases of |𝑒𝑗⟩𝐤 and |𝑚𝑗⟩𝐤, where |𝑒𝑗⟩𝐤 = 1

√

𝑁

∑

𝑛 exp{𝑖[𝐤 + 𝐤𝐩 − 𝐤𝐬 + 𝑗(𝐤𝐜 − 𝐤𝐟 )] ⋅ 𝐫𝐧}|𝑒𝑛⟩ and |𝑚𝑗⟩𝐤 = 1
√

𝑁

∑

𝑛 exp{𝑖[𝐤 + 𝐤𝐩 − 𝐤𝐬 +
(𝑗 − 1)(𝐤𝐜 − 𝐤𝐟 )] ⋅ 𝐫𝐧}|𝑚𝑛⟩, with 𝐤 being the initial momentum of atoms. Then, the tight-binding model can be expressed as

𝐻𝑇 𝐵 = 𝐻̃𝐾 (𝐤) + 𝐻̃𝑠(𝐤), (A.5)

where 𝐻̃𝐾 =
∑

𝑗
[𝐤+𝐤𝐩−𝐤𝐬+𝑗(𝐤𝐜−𝐤𝐟 )]2

2𝑚 |𝑒𝑗⟩𝐤⟨𝑒𝑗 |𝐤 +
[𝐤+𝐤𝐩−𝐤𝐬+(𝑗−1)(𝐤𝐜−𝐤𝐟 )]2

2𝑚 |𝑚𝑗⟩𝐤⟨𝑚𝑗 |𝐤 and 𝐻̃𝑠 = 1
𝛥
∑

𝑗 (𝛺2
𝑐1

+ 𝛺2
𝑓1
)|𝑒𝑗⟩𝐤⟨𝑒𝑗 |𝐤 + (𝛺2

𝑐2
+

2
𝑓2
)|𝑚𝑗⟩𝐤⟨𝑚𝑗 |𝐤+ [𝛺𝑓1𝛺𝑐2 |𝑚𝑗⟩𝐤⟨𝑒𝑗 |𝐤+ (𝛺𝑐1𝛺𝑐2 +𝛺𝑓1𝛺𝑓2 )|𝑚𝑗+1⟩𝐤⟨𝑒𝑗 |𝐤+𝛺𝑐1𝛺𝑓2 |𝑚𝑗+2⟩𝐤⟨𝑒𝑗 |𝐤+𝛺𝑐1𝛺𝑓1 |𝑒𝑗+1⟩𝐤⟨𝑒𝑗 |𝐤+𝛺𝑐2𝛺𝑓2 |𝑚𝑗+1⟩𝐤⟨𝑚𝑗 |𝐤+

.𝑐 .]. 𝐻𝑇 𝐵 in Eq. (A.5) can further be written in the matrix form

𝛹 †

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

...
0 𝐸𝑟(𝑘 + 1)2 + 𝜀𝑒 𝑡0 𝑡3 𝑡1 0 𝑡2 0
𝑡4 𝑡0 𝐸𝑟𝑘2 + 𝜀𝑚 0 𝑡4 0 0 0
0 𝑡3 0 𝐸𝑟𝑘2 + 𝜀𝑒 𝑡0 𝑡3 𝑡1 0
0 𝑡1 𝑡4 𝑡0 𝐸𝑟(𝑘 − 1)2 + 𝜀𝑚 0 𝑡4 0
0 0 0 𝑡3 0 𝐸𝑟(𝑘 − 1)2 + 𝜀𝑒 𝑡0 𝑡3
0 𝑡2 0 𝑡1 𝑡4 𝑡0 𝐸𝑟(𝑘 − 2)2 + 𝜀𝑚 0

...

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

𝛹 , (A.6)

where 𝛹 † = (..., |𝑒1⟩𝐤, |𝑚1⟩𝐤, |𝑒0⟩𝐤, |𝑚0⟩𝐤, |𝑒−1⟩𝐤, |𝑚−1⟩𝐤,…), 𝐸𝑟 = |𝐤𝐜 − 𝐤𝐟 |2∕2𝑚, and 𝑘 = (𝐤 + 𝐤𝐩 − 𝐤𝐬) ⋅ 𝐞̂𝐤𝐜−𝐤𝐟 ∕|𝐤𝐜 − 𝐤𝐟 | with 𝐞̂𝐤𝐜−𝐤𝐟 ≡
(𝐤 −𝐤 )∕|𝐤 − 𝐤 |. Such a Hamiltonian thus describes a one-dimensional tight-binding lattice in the momentum space, where 𝑡
𝐜 𝐟 𝐜 𝐟 0(1,2,3,4)
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Fig. 4. (a) Solid line shows the free particle dispersion relation. Different atomic states denoted by the blue (red) dots are coupled with each other, where distinct
oupling strengths are labeled by the differently colored dashed lines. In our proposed setup as shown in Fig. 1 in the main text, the states with momentum

difference 𝐤𝐜−𝐤𝐟 are coupled. For example, the states with momentum (−0.25 ±𝑛)(𝐤𝐜−𝐤𝐟 ) with 𝑛 = 0, 1, 2,… are shown here. (b) The band structure of our proposed
one-dimensional tight-binding lattice, where 𝑡0 = 𝑡2 = 𝑡3 = 𝑡4 = 0.2𝐸𝑟, 𝑡1 = 𝜀𝑒 = 𝜀𝑚 = 0.4𝐸𝑟 and 𝑘 = (𝐤 + 𝐤𝐩 − 𝐤𝐬) ⋅ 𝐞̂𝐤𝐜−𝐤𝐟 ∕|𝐤𝐜 − 𝐤𝐟 | with 𝐞̂𝐤𝐜−𝐤𝐟 ≡ (𝐤𝐜 − 𝐤𝐟 )∕|𝐤𝐜 − 𝐤𝐟 |.

describes the distinct hopping amplitudes and the kinetic term is characterized by the harmonic potential in the momentum space.
istinct from the real space lattice, the potential energy and kinetic energy exchange their roles here. 𝑡0(1,2,3,4) and 𝜀𝑒(𝑚) are defined

n Eq. (2) in the main text. The band structure of the above Hamiltonian is shown as the function of the momenta 𝑘, being the good
quantum number here. For instance, in the coupling regime 𝑡 < 𝐸𝑟, with 𝑡 being the maximal hopping amplitude, the band structure
is shown in Fig. 4(b). It is shown that the coupling between different atomic states would remove the band degeneracy and open
the band gap.

In this work, we consider the coupling regime 𝑡 ≫ 𝐸𝑟. A length scale 𝜆 =
√

𝑡∕𝐸𝑟 can be defined [34], within which the kinetic
energy term is negligible compared with the hopping energy [48–50]. Since the kinetic term can be discarded, the band structure will
e not effected by the initial momentum of atoms. Without loss of generality, we thus choose the initial momentum of atoms 𝐤 being

zero. Through introducing the following bases |𝑓𝑗⟩ =
1

√

𝑁

∑

𝑛 exp{𝑖[𝐤𝐩+𝑗(𝐤𝐜−𝐤𝐟 )]⋅𝐫𝐧}|𝑓𝑛⟩, |𝑒𝑗⟩ =
1

√

𝑁

∑

𝑛 exp{𝑖[𝐤𝐩−𝐤𝐬+𝑗(𝐤𝐜−𝐤𝐟 )]⋅𝐫𝐧}|𝑒𝑛⟩

nd |𝑚𝑗⟩ =
1

√

𝑁

∑

𝑛 exp{𝑖[𝐤𝐩 − 𝐤𝐬 + (𝑗 − 1)(𝐤𝐜 − 𝐤𝐟 )] ⋅ 𝐫𝐧}|𝑚𝑛⟩, each term in Eq. (A.4) (kinetic term being discarded) can be rewritten,
for instance,

∑

𝑛

1
𝛥
(𝛺2

𝑐1
+𝛺2

𝑓1
+ 2𝛺𝑐1𝛺𝑓1 cos 𝑘0𝑥𝑛)|𝑒𝑛⟩⟨𝑒𝑛| =

∑

𝑗

1
𝛥
[(𝛺2

𝑐1
+𝛺2

𝑓1
)|𝑒𝑗⟩⟨𝑒𝑗 | +𝛺𝑐1𝛺𝑓1 (|𝑒𝑗⟩⟨𝑒𝑗−1| + ℎ.𝑐 .)] (A.7)

∑

𝑛

1
𝛥
(𝛺𝑐1𝛺𝑐2 +𝛺𝑓1𝛺𝑓2 +𝛺𝑐2𝛺𝑓1𝑒

𝑖𝑘0𝑥𝑛 + 𝛺𝑐1𝛺𝑓2𝑒
−𝑖𝑘0𝑥𝑛 )|𝑒𝑛⟩⟨𝑚𝑛| =

∑

𝑗

1
𝛥
[(𝛺𝑐1𝛺𝑐2 +𝛺𝑓1𝛺𝑓2 )|𝑒𝑗⟩⟨𝑚𝑗+1|

+ 𝛺𝑐2𝛺𝑓1 |𝑒𝑗⟩⟨𝑚𝑗 | +𝛺𝑐1𝛺𝑓2 |𝑒𝑗⟩⟨𝑚𝑗+2|] (A.8)

Therefore, from Eq. (A.4), we can obtain

𝐻 = 𝐻𝑠 +𝐻𝑝, (A.9)

with

𝐻𝑠 =
1
𝛥
∑

𝑗
(𝛺2

𝑐1
+𝛺2

𝑓1
)|𝑒𝑗⟩⟨𝑒𝑗 | + (𝛺2

𝑐2
+𝛺2

𝑓2
)|𝑚𝑗⟩⟨𝑚𝑗 | + [𝛺𝑓1𝛺𝑐2 |𝑚𝑗⟩⟨𝑒𝑗 | + (𝛺𝑐1𝛺𝑐2 +𝛺𝑓1𝛺𝑓2 )|𝑚𝑗+1⟩⟨𝑒𝑗 |

+ 𝛺𝑐1𝛺𝑓2 |𝑚𝑗+2⟩⟨𝑒𝑗 | +𝛺𝑐1𝛺𝑓1 |𝑒𝑗+1⟩⟨𝑒𝑗 | +𝛺𝑐2𝛺𝑓2 |𝑚𝑗+1⟩⟨𝑚𝑗 | + ℎ.𝑐 .] (A.10)

𝐻𝑝 =
(

√

𝑁 𝛺𝑝|𝑔⟩⟨𝑓0| +
∑

𝑗
𝛺𝑠|𝑒𝑗⟩⟨𝑓𝑗 | + ℎ.𝑐 .

)

−
∑

𝑗
𝛥𝑝|𝑓𝑗⟩⟨𝑓𝑗 | + (𝛥𝑝 − 𝛥𝑠)(|𝑒𝑗⟩⟨𝑒𝑗 | + |𝑚𝑗⟩⟨𝑚𝑗 |) (A.11)

Then, our proposed one-dimensional tight-binding lattice in the momentum space can be described by the Hamiltonian 𝐻𝑠, which
corresponds to the Eq. (2) in the main text. The band structure in the regime with 𝑡 ≫ 𝐸𝑟 is depicted in Fig. 3 in the main text and
a topologically robust flat band has been found.
7 
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Fig. 5. (a) The winding of the Hamiltonian in Eq. (B.1). (b) The pseudo-spin distributions of the flat bands over the Brillouin Zone. Here the upper and lower
panels are for 𝜂 = 0.5 and 𝜂 = 2, respectively.

Appendix B. Topological nature of the superradiance lattice

Starting from Eq. (2) in the main text, we consider tuning the Rabi frequencies satisfying the following relations 𝛺𝑐1 = 𝛺𝑓2 ≡ 𝛺
and 𝛺𝑐2 = 𝛺𝑓1 ≡ 𝛺̄ and Eq. (4) in the main text can thus be obtained

𝐻̃ ′
𝑠 = ℎ𝑥𝜎𝑥 + ℎ𝑦𝜎𝑦 + ℎ0𝐼 (B.1)

where ℎ𝑥 = (𝛺̄2 + 2𝛺𝛺̄ cos 𝑘̃𝑥 +𝛺2 cos 2𝑘̃𝑥)∕𝛥, ℎ𝑦 = (2𝛺𝛺̄ sin 𝑘̃𝑥 +𝛺2 sin 2𝑘̃𝑥)∕𝛥 and ℎ0 = (𝛺2 + 𝛺̄2 + 2𝛺𝛺̄ cos 𝑘̃𝑥)∕𝛥. Since the system
belongs to Z-type, the typological nature can be characterized by the winding number defined as

𝜈 = 1
2𝜋 ∮𝐶

ℎ𝑥𝑑 ℎ𝑦 − ℎ𝑦𝑑 ℎ𝑥
ℎ2𝑥 + ℎ2𝑦

(B.2)

where 𝐶 is a close loop with 𝑘̃𝑥 varying from 0 to 2𝜋 and 𝛺∕𝛺̄ ≡ 𝜂 is the allowed tuning parameter here. Such a winding number
describes the total number of times that the Hamiltonian travels around the origin, which can be any integer and indicates different
topological phases. As shown in Fig. 5(a), the winding numbers are 0 and 2 for 𝜂 = 0.5 and 𝜂 = 2, respectively. It indicates that
when varying 𝜂 there is a topological phase transition from the topological trivial regime to the topological non-trivial regime with
higher winding number.

Furthermore, to visualize the topological nontrivial property of the flat band of the Hamiltonian in Eq. (B.1), as shown in Fig. 5(b),
the pseudo-spin distribution of the flat band over the Brillouin zone is demonstrated, where the pseudo-spin vector 𝐒 is defined as
𝐒 = (𝑆𝑥, 𝑆𝑦) with 𝑆𝑖 = ⟨𝜓|𝜎𝑖|𝜓⟩∕⟨𝜓|𝜓⟩ and |𝜓⟩ being the eigen-state of Eq. (B.1) corresponding to the flat band. It is shown that
when varying 𝑘̃𝑥 from 0 to 2𝜋, compared to the topological trivial case with 𝜂 = 0.5, the spin vector 𝐒 winds an angle of 4𝜋 for
𝜂 = 2, indicating its topological nontrivial nature. Such distinct behaviors of the spin vector can be characterized by the following
winding number

𝜔𝑠 =
1
2𝜋 ∮𝐶

𝑆𝑥𝑑 𝑆𝑦 − 𝑆𝑦𝑑 𝑆𝑥
𝑆2
𝑥 + 𝑆2

𝑦
(B.3)

where 𝜔𝑠 = 0 for 0 < 𝜂 < 1 and 𝜔𝑠 = 2 for 𝜂 > 1, corresponding to the topologically distinct regimes of the flat band.

Appendix C. Superradiance spectra

In this section, we will show the details on how to calculate the intensity of the superradiance emission. The dynamic evolution
of our proposed 5-level M-type system can be determined by the following master equation

𝑑 𝜌
𝑑 𝑡 = −𝑖 [𝐻 , 𝜌] +

∑

𝛼
𝛤𝛼

(

𝐿𝛼𝜌𝐿
†
𝛼 −

1
2
{𝐿†

𝛼𝐿𝛼 , 𝜌}
)

(C.1)

Note that here we consider the regime 𝑡 ≫ 𝐸𝑟, the free particle kinetic term can be ignored and 𝐻 in Eq. (C.1) thus corresponds to
the Eq. (2) in the main text. Since both the probe and signal fields are weak, atoms are mainly populated at the ground state |𝑔⟩. The
8 
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steady state can thus be approximated as |𝜓𝑠⟩ = |𝑔⟩+
∑

𝑗 𝐴𝑗 |𝑒𝑗⟩+𝐵𝑗 |𝑚𝑗⟩+𝐶𝑗 |𝑓𝑗⟩−𝑂(𝐴2) −𝑂(𝐵2) −𝑂(𝐶2) with |𝐴𝑗 (𝐵𝑗 , 𝐶𝑗 )|≪ 1. Then,
the density matrix can be assumed as 𝜌 = |𝑔⟩⟨𝑔| +

∑

𝑗 (𝐴𝑗 |𝑒𝑗⟩⟨𝑔| + 𝐵𝑗 |𝑚𝑗⟩⟨𝑔| + 𝐶𝑗 |𝑓𝑗⟩⟨𝑔| + ℎ.𝑐 .). In the steady state 𝜌̇ = 0, Eq. (C.1)
can be rewritten as

(𝛥𝑠 − 𝛥𝑝 + 𝜀𝑒)𝐴𝑗 + 𝑡3𝐴𝑗−1 + 𝑡3𝐴𝑗+1 + 𝑡0𝐵𝑗 + 𝑡1𝐵𝑗+1 + 𝑡2𝐵𝑗+2 +𝛺𝑠𝐶𝑗 = 0
(𝛥𝑠 − 𝛥𝑝 + 𝜀𝑚)𝐵𝑗 + 𝑡4𝐵𝑗−1 + 𝑡4𝐵𝑗+1 + 𝑡0𝐴𝑗 + 𝑡1𝐴𝑗−1 + 𝑡2𝐴𝑗−2 = 0
− (𝛥𝑝 + 𝑖𝛤 )𝐶𝑗 +𝛺𝑠𝐴𝑗 = −𝛺𝑝𝛿𝑗 ,0

(C.2)

where 𝛤 = (𝛤𝑝 + 𝛤𝑠)∕2. Eliminating 𝐶𝑗 in Eq. (C.2), we then obtain

(
𝛺2
𝑠

𝛥𝑝 + 𝑖𝛤
+ 𝛥𝑠 − 𝛥𝑝 + 𝜀𝑒)𝐴𝑗 + 𝑡3𝐴𝑗−1 + 𝑡3𝐴𝑗+1 + 𝑡0𝐵𝑗 + 𝑡1𝐵𝑗+1 + 𝑡2𝐵𝑗+2 = − 𝛺𝑝𝛺𝑠

𝛥𝑝 + 𝑖𝛤
𝛿𝑗 ,0

(𝛥𝑠 − 𝛥𝑝 + 𝜀𝑚)𝐵𝑗 + 𝑡4𝐵𝑗−1 + 𝑡4𝐵𝑗+1 + 𝑡0𝐴𝑗 + 𝑡1𝐴𝑗−1 + 𝑡2𝐴𝑗−2 = 0
(C.3)

which correspond to Eq. (6) in the main text. Therefore the steady density matrix can be numerically obtained by solving Eq. (C.3).
The density matrix solved above can be used to calculate the electric polarization intensity of atoms, where the polarization can

be defined in the Schrödinger picture as
𝐏 = −𝑒Tr [𝑒−𝑖(𝐻1+𝐻2)𝑡𝜌𝑒𝑖(𝐻1+𝐻2)𝑡𝐫]
= 𝐏𝑝𝑒−𝑖𝜔𝑝𝑡 + 𝐏𝑝𝑠𝑒−𝑖(𝜔𝑝−𝜔𝑠)𝑡 + 𝑐 .𝑐 .

(C.4)

where 𝐏𝑝 = 𝝁𝑓 𝑔∕𝑉
∑

𝑗 ∫ 𝑑𝐫𝐶𝑗𝑒
𝑖[𝐤𝐩+𝑗(𝐤𝐜−𝐤𝐟 )]⋅𝐫 with 𝝁𝑓 𝑔 being the transition dipole moment between |𝑔⟩ and |𝑓 ⟩ and 𝐻1 + 𝐻2 =

𝜔𝑝|𝑓𝑗⟩⟨𝑓𝑗 | + (𝜔𝑝 − 𝜔𝑠)(|𝑒𝑗⟩⟨𝑒𝑗 | + |𝑚𝑗⟩⟨𝑚𝑗 |). Then, from the electromagnetic wave equation, we can obtain the following equation
(

𝜕2𝑥 + 𝜕
2
𝑦 −

1
𝑐2
𝜕2𝑡

)

(

𝐸𝑝𝑒
𝑖𝐤𝐩𝐫−𝑖𝜔𝑝𝑡 + 𝐸𝑟𝑒

𝑖𝐤𝐫 𝐫−𝑖𝜔𝑝𝑡
)

= 1
𝜖0𝑐2

𝜕2𝑡 𝑃𝑝𝑒
−𝑖𝜔𝑝𝑡 (C.5)

where 𝐤𝐫 = 𝐤𝐩+𝐤𝐜−𝐤𝐟 is the wave vector of superradiance beam. Applying slowly varying envelope approximation |(𝜕2𝑥 + 𝜕
2
𝑦 )𝐸𝑝(𝑟)|≪

𝐤𝐩(𝐫) ⋅ (𝜕𝑥𝐸𝑝(𝑟)𝐱̂ + 𝜕𝑦𝐸𝑝(𝑟)𝐲̂)| to Eq. (C.5), we can obtain the coupled-wave equations Eq. (8) in the main text. In the following, we
will show how to solve the coupled-wave equation Eq. (8) in the main text briefly. First, starting from Eq. (8), we can obtain the
following differential equation

𝜕2𝑥𝐸𝑝 + 𝑖𝑘0𝜕𝑥𝐸𝑝 − (𝛽20 − 𝑖𝑘0𝛽0 + 𝜅+1𝜅−1)𝐸𝑝 = 0
𝜕2𝑥𝐸𝑟 − 𝑖𝑘0𝜕𝑥𝐸𝑟 − (𝛽20 − 𝑖𝑘0𝛽0 + 𝜅+1𝜅−1)𝐸𝑟 = 0 (C.6)

The eigenvalues of Eq. (C.6) are 𝜆1,2 = − 𝑖
2𝑘0 ± 𝜆 and 𝜆3,4 =

𝑖
2𝑘0 ± 𝜆 with 𝜆 =

√

𝛽2 + 𝜅+1𝜅−1. Then the general solution of 𝐸𝑝, 𝐸𝑟 can
be written as

𝐸𝑝 = 𝑐1𝑒
𝜆1𝑥 + 𝑐2𝑒𝜆2𝑥

𝐸𝑟 = 𝑐3𝑒
(𝜆1+𝑖𝑘0)𝑥 + 𝑐4𝑒(𝜆2+𝑖𝑘0)𝑥

(C.7)

where 𝑐1, 𝑐2, 𝑐3, 𝑐4 are indeterminate coefficients. Considering the boundary condition being 𝐸𝑝(0) = 𝐸0, 𝐸𝑟(𝐿) = 0 and substituting
q. (C.7) into Eq. (C.6), we obtain the following equations to determine the coefficients 𝑐1, 𝑐2, 𝑐3 and 𝑐4 as

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑐1 + 𝑐2 = 𝐸0
𝑐3𝑒𝜆1𝐿 + 𝑐4𝑒𝜆2𝐿 = 0
𝑐1 =

𝑖𝜅−1
𝜆1+𝛽0

𝑐3
𝑐2 =

𝑖𝜅−1
𝜆2+𝛽0

𝑐4

(C.8)

which give the reflectivity 𝑅 = |𝐸𝑟(0)∕𝐸𝑝(0)|
2 = |(𝑐3 + 𝑐4)∕(𝑐1 + 𝑐2)|

2 as shown in Eq. (9) in the main text.
Eq. (A.4) can be expressed in the momentum space as

𝐻 = 𝐻𝐾 (𝐤) +𝐻𝑠(𝐤) +𝐻𝑝(𝐤) (C.9)

where 𝐻𝐾 =
∑

𝑗 [𝐤 + 𝐤𝐩+𝑗(𝐤𝐜−𝐤𝐟 )]2∕2 𝑚|𝑓𝑗⟩𝐤⟨𝑓𝑗 |𝐤+ [𝐤+𝐤𝐩−𝐤𝐬+𝑗(𝐤𝐜−𝐤𝐟 )]2∕2 𝑚|𝑒𝑗⟩𝐤⟨𝑒𝑗 |𝐤+ [𝐤+𝐤𝐩−𝐤𝐬+ (𝑗− 1)(𝐤𝐜−𝐤𝐟 )]2∕2 𝑚|𝑚𝑗⟩𝐤⟨𝑚𝑗 |𝐤,

𝑠 =
1
𝛥
∑

𝑗 (𝛺2
𝑐1
+𝛺2

𝑓1
)|𝑒𝑗⟩𝐤⟨𝑒𝑗 |𝐤 + (𝛺2

𝑐2
+𝛺2

𝑓2
)|𝑚𝑗⟩𝐤⟨𝑚𝑗 |𝐤+

[

𝛺𝑓1𝛺𝑐2 |𝑚𝑗⟩𝐤⟨𝑒𝑗 |𝐤 + (𝛺𝑐1𝛺𝑐2 +𝛺𝑓1𝛺𝑓2 )|𝑚𝑗+1⟩𝐤⟨𝑒𝑗 |𝐤 +𝛺𝑐1𝛺𝑓2 |𝑚𝑗+2⟩𝐤⟨𝑒𝑗 |𝐤 +

𝑐1𝛺𝑓1 |𝑒𝑗+1⟩𝐤⟨𝑒𝑗 |𝐤+𝛺𝑐2𝛺𝑓2 |𝑚𝑗+1⟩𝐤⟨𝑚𝑗 |𝐤+ℎ.𝑐 .
]

, 𝐻𝑝 =
(
√

𝑁 𝛺𝑝|𝑔⟩⟨𝑓0|𝐤+
∑

𝑗 𝛺𝑠|𝑒𝑗⟩𝐤⟨𝑓𝑗 |𝐤+ℎ.𝑐 .
)

−
∑

𝑗 𝛥𝑝|𝑓𝑗⟩𝐤⟨𝑓𝑗 |𝐤+ (𝛥𝑝−𝛥𝑠)(|𝑒𝑗⟩𝐤⟨𝑒𝑗 |𝐤+
𝑚𝑗⟩𝐤⟨𝑚𝑗 |𝐤). Then, the first two terms in Eq. (C.9) can be written in the basis of |𝑒𝑗⟩𝐤 and |𝑚𝑗⟩𝐤 as

Expanding the above Hamiltonian in the basis of the timed Dicke states (TDS) |𝑒𝑗⟩𝐤 = 1
√

𝑁

∑

𝑛 exp{𝑖[𝐤 + 𝐤𝐩−𝐤𝐬+𝑗(𝐤𝐜−𝐤𝐟 )] ⋅𝐫𝐧}|𝑒𝑛⟩

nd |𝑚𝑗⟩𝐤 = 1
√

𝑁

∑

𝑛 exp{𝑖[𝐤 + 𝐤𝐩−𝐤𝐬+ (𝑗− 1)(𝐤𝐜−𝐤𝐟 )]⋅𝐫𝐧}|𝑚𝑛⟩, with 𝐤 being the initial momentum of atoms, Eq. (A.4) can be expressed
in the momentum space and the tight-binding (TB) model is obtained.

Data availability

Data will be made available on request.
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