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ARTICLE INFO ABSTRACT

Keywords: A five-level M-type scheme in atomic ensembles is proposed to generate a one-dimensional
Flat band bipartite superradiance lattice in momentum space. By taking advantage of this tunable atomic
Higher winding number system, we show that various types of Su-Schrieffer-Heeger (SSH) model, including the standard

Quantum simulation

. SSH and extended SSH model, can be realized. Interestingly, it is shown that through changing
Topological states of matter

the Rabi frequencies and detunings in our proposed scheme, there is a topological phase
transition from topological trivial regime with winding number being O to topological non-
trivial regime with winding number being 2. Furthermore, a robust flat band with higher
winding number (being 2) can be achieved in the above topological non-trivial regime, where
the superradiance spectra can be utilized as a tool for experimental detection. Our proposal
would provide a promising approach to explore new physics, such as fractional topological
phases, in the flat bands with higher topological number.

1. Introduction

There has been a surge of interest in flat band physics [1], where one or more dispersionless bands exist throughout the
Brillouin zone. Many theoretical proposals for searching flat band systems have been made [2-10] and its captivation has become
exceptionally pronounced following the experimental realization in twisted bilayer graphene [11-14]. Due to the macroscopic
level degeneracy in flat bands, lots of interesting physical phenomena, such as ferromagnetism [3,7,9,15,16], Wigner crystals [17]
and superconductivity [18,19], can be induced. In particular, isolated flat bands with non-trivial topological properties have
also attracted much attention, since fractional topological phases, such as fractional quantum Hall and fractional Chern insulator
states [20-28], can be simulated without Landau levels. More interestingly, the flat bands with higher topological number
(e.g., higher Chern number) can host qualitatively new phases of matter with no analogue in the flat band being similar to the
continuum Landau level [29-31]. New types of intriguing fractional Chern insulator states, for fermions at v = 1/2N + 1 and for
bosons at v = 1/N + 1, are unveiled [31]. Distinguished from the cases in 2D, 1D topological nontrivial flat bands can unusually
lead to new physical phenomena, for instance, a charge density wave with a nontrivial Berry phase, which is not a 1D analog of the
2D fractional quantum Hall state [32,33]. However, most previous 1D studies have focused on the flat bands with an unit winding
number. To explore the new physics associated with higher winding number flat bands remains unclear and stands as an obstacle
to explore.
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Here we report the discovery of a new mechanism to achieve the topological flat band with higher winding number in a
superradiance lattice. We shall introduce this with a specific model of ultracold atoms, to be illustrated below. The key idea here
is to design the non-trivial beyond-nearest-neighbor hopping of atoms in momentum space through our proposed five-level M-
type scheme. Surprisingly, it is shown that through tuning the intensities of the coupling fields, the tunneling between atoms in
momentum space is highly tunable and the flat band with higher winding number can be achieved. This idea is motivated by the
recent experimental progresses in developing the momentum space lattice composed by the timed Dicke states, i.e., superradiance
lattices [34-40], which are the collective atomic excitations with phase correlations. Such phase correlations can be recognized as
the momenta of the collective excitations. When they satisfy the phase-matching condition, there are directional superradiant light
emissions, which can be utilized as one of the remarkable advantages to explore interesting physics in superradiance lattices, such as
chiral current [36,38], flat band localization [39], and floquet physics [41]. As we shall show with the model below, our proposed
five-level M-type scheme can lead to the flat band with higher winding number.

2. Effective model

Let us take 87 Rb atomic system as an example to show our proposed five-level M-type scheme, which is schematically presented
in Fig. 1. There are two excited states |f) = |F = I,mp = 0), |[d) = |F = l,mp = 1), which can be selected from 5P/, state
and 5Py, state, respectively. And |g), |e), |m) can be chosen from 55/, state, such as |F = Lmp = 0), |F = 2,mp = 0) and
|F =2,mp = 2). The probe field E; and signal field E; couple the states |g) and |f), |e) and |f), respectively. 4, and 4, denote
the corresponding frequency detunings. There are two far off-resonant coupling fields E, and E;, where E_ spontaneously drives
both transitions between |e) and |d), |m) and |d), since here |e) and |m) are assumed to be degenerated and the corresponding Rabi
frequencies are labeled by 2. and £, respectively. E; also spontaneously drives both transitions between |e) and |d), |m) and |d),
where the corresponding Rabi frequencies are defined as Q2 and Q,, respectively. 4 describes the frequency detuning of the above
transitions. kp ) are the wave vectors of the corresponding fields, respectively. Since 4 is much larger than other detunings and
Rabi frequencies, we can adiabatically eliminate the state |d) and obtain the effective Hamiltonian (see details in Appendix) in the
interaction picture as (we set 7 = 1)

1 2 2 .
H= ; 7 (2242 420, 9, coskox, ) le) (e,
1
+ Y5 (22 +@ +20,0, coskox, ) Im,)om,|
n

= ¥ A, e, ) el + Im)m, ) = 4,1 £,)(f,] W

1 ik
+ Z [Z(chgcz +‘Qf1‘Qf2 +chgf1el o
n

+ _ch sze_iko"")len)(mnl + Qpe_ikp"n g, fl
+ Qe Tnle, )(f, | + h.c]

where kj = |k, — k¢| and 4, = 4, — A,. r,, labels the coordinate of the nth atom and x, is the x-component of r,,, where the direction
of the x-axis is determined by k. — k;. |e(g, f,m),) represents the state |e(g, f,m)) of the atom located at r,,.

By introducing the following operators associated with timed Dicke states in the Dirac notation [42] f/ T = 1/VN >
Mot/ ekl £ ) (g, ], 67 = 1/YN T, e itk ey (o |, T = 1/3/N T, o7t UmDmkOl |y ) (0| with N being the total
number of atoms, the Hamiltonian in Eq. (1) can be transformed to a tight-binding model, H = H, + H o where

575 P PR PSRN
H, = Zseejej + ettty + Z (tgrn 8} + ni, 8
J J )

N At A
+12m g +t3e +z4mj+lmj+h.a)

18
and H, = (VNQ,fo+ 3, Q&) f;+h.c) =3, A, f;+8,,(& e, + 1)), where e, = (22 +22 )/4, €, = (22, + 22 )4, 1o = 27, 2, /A,
1= (2,2, + Q[ Q)M 1, =0, 2 /A 1;=02,Q [Aand 1, = Q, Q2 /A.

As shown in Fig. 1(b), 7, and ¢, describe the hoppings between nearest-neighbor sites within and inbetween the unit cells,
respectively. f,, 13 and ¢, stands for the distinct beyond-nearest-neighbor hopping amplitudes, respectively. More interestingly, in
our proposed five-level M-type scheme, all the hopping amplitudes are highly tunable, which can be achieved through varying
the Rabi frequencies and detunings. Therefore, various types of Su-Schrieffer-Heeger (SSH) model, including the standard SSH and
extended SSH model [43-47], can be realized. To gain more insight, we rewrite H; in the real space [36,38] as

H,=heo,+ho,+ho, +hl 3)

where h, =1 +1; cosk, +1,cos2k,, h, =1y sink, +1ysin2k,, h, = (€, — £,)/2 + (13 — ty) cos ky, hy = (¢, + £,)/2 + (13 + 1;) cos k, and
ky = kox. I is the unit matrix and o is the Pauli’s matrix. Through diagonalizing Eq. (3), the band dispersion E*(k,) can be obtained
as E} = 2, 12 .Q2 + 02 +20, 2y cosk, and E* = 0. Surprisingly, it is shown that the corresponding energy bands exhibit that
there is a robust ﬂat band for any Rabi frequency and detuning in our five-level M-type scheme. To further consider realizing a
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Fig. 1. (a) The schematic plot of our proposed five-level M-type scheme. The coupling fields E, and E; drive the transition between |e) and |m). The direction
of the x-axis is determined by k. — k;. The superradiant beam is marked by the dashed line. (b) The 1D bipartite superradiance lattice in momentum space.
t, and 7, stand for the hopping between nearest-neighbor sites within and inbetween the unit cells. #,, ; and 7, describe the distinct beyond-nearest-neighbor
hopping amplitudes, respectively. When varying the Rabi frequencies and detunings in our proposed M-type scheme, all the hopping amplitudes can be changed.
Various types of Su-Schrieffer-Heeger (SSH) model, including the standard SSH and extended SSH model, can thus be achieved.
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Fig. 2. (a) The topological phase diagram of the model Hamiltonian in Eq. (4). Since here 2/Q = 5 (defined in the main text) is the allowed tuning parameter,
the model in Eq. (4) can approach the regime along the red line. (b) The topological phase transition between topological trivial regime with winding number
v =0 and topological non-trivial regime with winding number v = 2 when varying #.

two-band Z-type topological system from the model in Eq. (3), we consider tuning the Rabi frequencies satisfying the following
relations 2, =Q, =Qand 2, =Qf = Q. Therefore A, in Eq. (3) can be simplified as

H! =h.o+ho,+hol ©)

where h, = (2% +2QQcosk, + 2% cos2k,)/4, h, = 2QQsink, + Q*sin2k,)/4, hy = (2% + 2% + 2QQ cos k,)/A. The corresponding
band structure can be determined by ES = 2(2* + Q> +2QQcosk,)/A and E* = 0. From Eq. (4), it is shown that 2/Q = n is the
allowed tuning parameter here. Therefore, the Hamiltonian parameters 6 = (t; —1,)/(t, +1;) and y = 21, /(t, +t;) are constrained by
the following relation 6/y = (25— 1)/2#?. As shown in Fig. 2(a), such a constrain will effect the topological properties of the system.

Smce the szlstem belongs to Z-type, the typological nature can be characterized by the winding number defined as v =
o 9§c h2+h2 , where C stands for k, varying from 0 to 2z. We find that the model in Eq. (4) can approach the topological
regime along the red line in Fig. 2(a). There is a topological phase transition from the topological trivial regime with v = 0 to the
topological non-trivial regime with v = 2 when varying » as shown in Fig. 2(b). More interestingly, we find that when the system
in the topological regime, the flat band also shows the non-trivial topological property, which is characterized by a higher winding
number w = % /02” dl}x(wlia}x |w) being 2, where |y ) is eigen-state of Eq. (4) corresponding to the flat band (see details in Appendix).

3. Superradiance spectra

The above topological phase transition can be detected through the superradiance spectra, which will reflect the changes in the
band structure [34-36,39,40]. Distinct from the spontaneous radiation, superradiance emission is a collective effect and generates a
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stronger directional radiance. By setting the phase matching condition as |k, + k. — k¢| = |k |, superradiance photon will be emitted
along the direction determined by kj + k. — k¢, which is indicated by the dashed line in Fig. 1(a). The intensity of superradiance
emission can be calculated by solving the following master equation
. 1
—i[H.p)+ Y T, (LapLZ—E{LZLa,p}> =0 (5)
a

where « runs over p,s,c, f and I, describes the corresponding transition decay rate. L, is the Linblad operator defined as
L, = ¥leXf;l, Ly = X;le;){f;l, L. = X;le;)d;| and L, = ¥;Im;){d,|, respectively. Since both the probe and signal fields are
weak, atoms are mainly populated at the ground state |g). Then, the density matrix can be expressed as p = |g){(g] + X ;(4;le;){g| +
Y Bjlm;)gl+X; C;1f;){gl+h.c.). Substituting the above expression of density matrix into Eq. (5), we obtain the following equation
for the steady state

fo Ay — A 0 1 0 0 0 ollB_, o

13 0 A -4, to 13 t 0 || Ay - AF”H}

1 1 to 4, — Ay 0 1y 0 0| By _ 0 ©)
0 0 ty 0 4y -4, f0 3 ol A, 0

1 0 1 14 fo Ay — A, 0 ull B 0

0 0 0 0 13 0 A -4, 1] 4 0

where 4, = 4, + |!25|2/(Ap +il), 4y = (22 + £%)/4, and T is the decay rate of |f). Note that under the condition Q, < 2,90,
it is found that C; depends linearly on A; through the relation C; = (2,4; + 2,5,0)/(4, + iI'). Through solving the density
matrix for the steady state from Eq. (6), the electric polarization intensity of atoms can be calculated via the following relation
P = —¢Tr[UTpUr] = P,e™ " + P, &7 @~ 1 c.c., where U = exp(—iH,t) with Hy = — 2 @ XSl + (@, — w)(le; ;| + [m;)(m;])

(see details in Appendix). Then, the susceptibility of atomic medium can be obtained from the following relation

7 = PyfegEyee™ = 3 gyell et @
J

where P, is the amplitude of P, and y; = u;,C;/eoE,V with u,, being the electric dipole matrix element related to the atomic

transition between |f) and |g). E, is the field amplitude of the incident probe beam. V' is the volume of atom ensemble and ¢, is

permittivity of vacuum. The reflectivity R can be calculated through the following equations [35,38]
0. E, =—pyE, +ix_je " E,

) " (8)
0 E, = fyE, — ik, 10 E,

2 @?

where f) = Zkaj—"_glm( xo)and k| = Zkz—"g x+1- E, is the field amplitude of the scattered beam, i.e. superradiance emission. The
,]C‘ s E - pC s E -
reflectivity R = |E,(0)/Ep(0)|2, under the boundary condition E,(0) = Ey, E.(L) =0, can be solved though the following relation

~ KH(e—/lL — ety 2
K G—em =G+ ner ®

where g = f, — %ko and A = v/p? + k. k_;. L is the length of the system along the x-axis. From Eq. (9), it is found that R « A4,.
And A, can be obtair{ed from Eq. (6), which sNatisfies the relation A;(4,,,) o Dos(E*)| gs— Ay with Dos(E*) being the density of state of
the band spectra E°(k,) of the Hamiltonian H]. Therefore, when 4,; approaching the energy where Dos(E*) diverges, there should
be a peak at the intensity of superradiant emission. As shown in Fig. 3, all the peaks of the intensity of superradiant emission are
located at the saddle point of the energy spectra E*(k,). The top and bottom of each energy band of H, can thus be determined.
As shown in Fig. 3 from top line to bottom line, when varying #, there is a topological phase transition. At the transition point, the
system becomes gapless. It can be detected from counting the peaks of the intensity of superradiant emission. As shown in Fig. 3(d),
there are only two peaks in R, indicating that the energy gap is closed and the topological phase transition occurs. Therefore, the
topological phase diagram as shown in Fig. 2(b) can be determined.

4. Conclusion

In summary, we propose a five-level M-type scheme in atomic ensembles to induce a 1D bipartite superradiance lattice in
momentum space. Such a lattice shows great tunability of changing both the nearest-neighbor and beyond-nearest-neighbor hopping
amplitude through varying the Rabi frequencies and detunings. Various types of SSH models can thus be achieved and a flat band
with higher winding number can be found. We also proposed that the superradiance spectra can be utilized as a tool for experimental
detection. Our proposal would provide a promising approach to explore the new physics in the flat bands with higher topological
number.
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Fig. 3. Energy spectra of the Hamiltonian A’ (left column) vs. superradiance emission spectra (right column) for different #: (a)(b) n = 0.5, (c)(d) # = 1.0 and
(e)(H) n = 2. It is shown that both the top and bottom of each energy band of A’ can be determined by the locations of the peaks of the intensity of superradiance
emission.

CRediT authorship contribution statement

Shuai Li: Performed all calculations under the supervision of M.A. and B.L.. Rui Tian: Performed all calculations under the
supervision of M.A. and B.L.. Min Liu: Performed calculations and contributed in completing the paper. Maksims Arzamasovs:
Worked on theoretical analysis and contributed in completing the paper. Liangchao Chen: Worked on experimental proposal and
contributed in completing the paper. Bo Liu: Proposed the study, worked on theoretical analysis and contributed in completing the

paper..

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Acknowledgments

This work is supported by the National Key R&D Program of China (2021YFA1401700), NSFC, China (Grants No. 12074305,
12474267), the Fundamental Research Funds for the Central Universities, China (Grant No. xtr052023002), Shaanxi Fundamental
Science Research Project for Mathematics and Physics, China (Grant No. 23JSZ003) (S. L., R. T., M. L., M. A. and B. L.) and NSFC,
China (Grant No. 12004229) (L. C.). We also thank the HPC platform of Xi’An Jiaotong University, where our numerical calculation
was performed.



S. Li et al Annals of Physics 471 (2024) 169837

Appendix A. Effective model

The Hamiltonian of an ensemble of 5-level M-type coupled system as shown in Fig. 1(a) can be expressed as (we set i = 1)
Hg =Hy+ Y 07| [0l + 0pgle, ), + 4y |d, )(d, | + @, lm, ) (m, |
n

+2 { Q, cos(ky - Ty — @08, ){f,| + 2, cos(ky - 1, — wgt)e, )]

+[€2,, cos(k - 1y — 0 1) + 2 cos(Ky -1y — @ D]le,)(d,|

(A1)

+[2,, cos(k, - Ty — 1) + 2, cos(ky - Ty — @ D]|m, )d, | + hc. }

where @/, 4., 15 the energy difference between |f(e,d,m)) and |g), respectively and H, is the kinetic energy of the free moving
atom. r, labels the coordinate of the nth atom. k. and w,  are the wave vector and frequency of the corresponding laser
fields and the respective Rabi frequencies are denoted as Q. ., 7,.,)> respectively. By transforming the Hamiltonian to a rotating
frame, we obtain the Hamiltonian in the interaction picture

H, =M H e i _ g,

=Hy+ [ 2 Qpe—ikp~r“+iApt|gn><fn| n .Qxe—iks4rn+iAst|en)<fn| A2
n

+ (R e 4 QM) M e, ) (d, | + (2,6 + Q7MY i, ) (d, | + hec. |,

where 4, = w, — @y, Ay = Oy — (Op; — ©pp), 4 = @ — (W — D) = @y — (04, — @) are the corresponding detunings and
Hy =Y, 07| ) fal + @ggle,) e, + @441d, ){d,| + @pg|m, ) (m,|. Considering the case with o, = w;, w,; = w,,, and 4 is much larger
than other detunings and Rabi frequencies, we can adiabatically eliminate the state |d) and rewrite the Hamiltonian in Eq. (A.2) as

1
Hy=Hy+ Y, 5 (931 +Q2 +20, Q; cosl(k k) - rn]) le,)e, |
n
(2 2
+ 5 (@, + 2, +20,,9;, coslke —kp) 1y 1) Im,)(m,| s
1 (ko —kp )- (ko —Kg)-
+ [ 2 (ch ‘QCz + ‘Qfl sz + ‘QCZQfl ek ‘ch'sze ke=ke) r") le,)(m,|
+ Qpe—ikp<rn+i4pt|gn><fn| + Qse—iks-r“+mst|en><fn| + hec. ]
Then, another transformation is applied to the Hamiltonian in Eq. (A.3) and we obtained that
H =g et _ |,
=Hy+ D" =4, f,)(fl = (4, = 4)le,)e,] + |m,)(m, )
n
1
A
1
A
1 . y
+ [ A (‘chgcz +Q7, 2y, +“QcZ'Qf1elk0xn +2, Qe lkOX") le, ) (my|
+ .Qpe_ikp'r" |2, ) f,] + 2, KsTnle, V(£ + h.c. ],

+ (le + Q%] +28, L2, cos kOxn) le,) (e,

(A4

+ (sz + ‘Qiz +20,, 9, cos kox") ) (|

where Hy = Y, A, | f,){f,|+(4,—4,)(le,){e,| + |m,){m,|) and ky = |k, — k¢|. To construct the tight binding model, we rewrite Eq. (A.4)
in the bases of |e;), and |m;)y, where |e; )y = LN Y, explilk + ky — kg + j(k. — kg)] - Ty }le,) and |m; ), = ﬁ Y explilk + k, — kg +
(G — Dk, — kp)l - vy }|m,,), with k being the initial momentum of atoms. Then, the tight-binding model can be expressed as

Hrp = Hy(k) + H,(Kk), (A.5)

[k+k, —ky+j(ke—kp)]? [k+kp —k+(/—1)(k.—Kp)]?

_ i 1

where Hy = 3, Tor le; el + o |m;)(m;lx and H; = ZZ/(le + Q%)l%‘)k(ejlk + (Qé +
2

sz)lmj)k(mj|k+[_(2flchlmj)k(ej|k+(.(251!2‘.2+Qf]!2f2)|mj+1)k(ej|k+ch.Qf2|mj+2)k(ej|k+[2¢.l.(2flIej+1)k(ej|k+!2c2.(2f2|mj+l)k(mj|k+

h.c.]. Hyp in Eq. (A.5) can further be written in the matrix form

0 E(k+1)7+e, f 13 1 0 1 0
1 N E.i* +e, 0 1 0 0 0
0 t 0 Ek> +¢ t t t 0

q/'f’ 3 r e 0 3 1 w, A6
0 t 1 to E.(k—1)* +¢, 0 1 0 (4.6)
0 0 0 15 0 E.(k—1) +¢, I 13
0 1 0 1 1 f E.(k-2?+e, O

where ¥ = (..., e )10 171 1> leo )i 170 )ir 161 i 1M ks --)s E, = ke —K¢|?/2m, and k = (k + kp — ko) - & i /Ike — ke with & _, =
(k. —k¢)/ |k, — k¢|. Such a Hamiltonian thus describes a one-dimensional tight-binding lattice in the momentum space, where 7, , 3 4
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Fig. 4. (a) Solid line shows the free particle dispersion relation. Different atomic states denoted by the blue (red) dots are coupled with each other, where distinct
coupling strengths are labeled by the differently colored dashed lines. In our proposed setup as shown in Fig. 1 in the main text, the states with momentum
difference k. —k; are coupled. For example, the states with momentum (—0.25+n)(k.—k;) with n =0, 1,2, ... are shown here. (b) The band structure of our proposed
one-dimensional tight-binding lattice, where 1, =1, =1; =1, =0.2E,, t; = ¢, = ¢, = 04E, and k = (k+k, — ko) - & _ /Ik. — k| with & __ = (k. —kp)/[k. — K|

describes the distinct hopping amplitudes and the kinetic term is characterized by the harmonic potential in the momentum space.
Distinct from the real space lattice, the potential energy and kinetic energy exchange their roles here. 74, 53 4) and ¢, are defined
in Eq. (2) in the main text. The band structure of the above Hamiltonian is shown as the function of the momenta k, being the good
quantum number here. For instance, in the coupling regime ¢ < E,, with ¢ being the maximal hopping amplitude, the band structure
is shown in Fig. 4(b). It is shown that the coupling between different atomic states would remove the band degeneracy and open
the band gap.

In this work, we consider the coupling regime ¢ > E,. A length scale 1 = \/ﬁ can be defined [34], within which the kinetic
energy term is negligible compared with the hopping energy [48-50]. Since the kinetic term can be discarded, the band structure will
be not effected by the initial momentum of atoms. Without loss of generality, we thus choose the initial momentum of atoms k being
zero. Through introducing the following bases | f;) = \/1_? > explilk,+j(kc—Kkp)l 'ty } f,), le;) = # > exp{ilk,—ke+j(k.—ke)l 'y }le,)
and |m ;) = LN > expfi (kp — ks + (G — Dke — k)] - 1 }m,,), each term in Eq. (A.4) (kinetic term being discarded) can be rewritten,

for instance,

1 1
Z Z(.Qf1 + 2 +20, 2y coskox,le,)e,| = 2 Z[(.Qfl +27 ey ) ejl + 2., 2, (lej) ey | + he)] (A7)
n J

1 ; i 1
Z £(2, 2, + 21,0, + 2,2, ko 4 Q. Qp e *on)e, ) (m,| = 2 182, 2oy + 27,27 )lej)(mj |
n J

+ 2,92 le;)(m;l + Q. 2 lej)(m; 5] (A.8)
Therefore, from Eq. (A.4), we can obtain
H=H +H, (A.9)
with
H —12(92 + 2% )e;)e;| + (@2 + Q2 ) m;Ym; | + 12, 2, |m;)e;| + (2, Q. + Q2 2, ) m; 1 Xe,l
5T ) L ¢ iR ZAN] ¢ £V S17%0 VIS €] "% S122 V1A
J
+ Q. Qp mjo)e;| + 2. 2 e )e;l + 2., Qp Imj W m;| + hc] (A.10)

Hy = (VNQ,I8)(fol + X Qe )} f;l + he) = 3, A1 F)(f;1 + (A, = A)(1e;)e; | + Im;)m; ) (A11)
J J

Then, our proposed one-dimensional tight-binding lattice in the momentum space can be described by the Hamiltonian H,, which
corresponds to the Eq. (2) in the main text. The band structure in the regime with ¢ > E, is depicted in Fig. 3 in the main text and
a topologically robust flat band has been found.
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Fig. 5. (a) The winding of the Hamiltonian in Eq. (B.1). (b) The pseudo-spin distributions of the flat bands over the Brillouin Zone. Here the upper and lower
panels are for n = 0.5 and 5 = 2, respectively.

Appendix B. Topological nature of the superradiance lattice

Starting from Eq. (2) in the main text, we consider tuning the Rabi frequencies satisfying the following relations 2, = Q2 =Q
and Q. = 2, = and Eq. (4) in the main text can thus be obtained

H'=h.oo, +hyo,+hyl (B.1)

where /1, = (2% +2QQcosk, + Q2 cos2k,)/A, h, = 2QQsink, + Q2 sin2k,)/A and hy = (2% + Q% +2Q2Qcos k,)/A. Since the system
belongs to Z-type, the typological nature can be characterized by the winding number defined as
1 j’{ hydh, — hydh,

c

v= —
2 h’2(+h§

(B.2)

where C is a close loop with k, varying from 0 to 2z and £2/Q = 7 is the allowed tuning parameter here. Such a winding number
describes the total number of times that the Hamiltonian travels around the origin, which can be any integer and indicates different
topological phases. As shown in Fig. 5(a), the winding numbers are 0 and 2 for y = 0.5 and 5 = 2, respectively. It indicates that
when varying # there is a topological phase transition from the topological trivial regime to the topological non-trivial regime with
higher winding number.

Furthermore, to visualize the topological nontrivial property of the flat band of the Hamiltonian in Eq. (B.1), as shown in Fig. 5(b),
the pseudo-spin distribution of the flat band over the Brillouin zone is demonstrated, where the pseudo-spin vector S is defined as
S = (S, ) with S; = (wlo;ly)/(wly) and |y) being the eigen-state of Eq. (B.1) corresponding to the flat band. It is shown that
when varying k, from 0 to 2z, compared to the topological trivial case with # = 0.5, the spin vector S winds an angle of 4z for
n = 2, indicating its topological nontrivial nature. Such distinct behaviors of the spin vector can be characterized by the following
winding number
| [ S.dS,—S,dsS,

i

= — B.3
0= 5 s (B.3)

where w, =0 for 0 < # < 1 and w, =2 for n > 1, corresponding to the topologically distinct regimes of the flat band.
Appendix C. Superradiance spectra

In this section, we will show the details on how to calculate the intensity of the superradiance emission. The dynamic evolution
of our proposed 5-level M-type system can be determined by the following master equation
dp . 1
L~ —ittp)+ Y L (LapL = S{Li L)) €1
a
Note that here we consider the regime ¢ > E,, the free particle kinetic term can be ignored and H in Eq. (C.1) thus corresponds to
the Eq. (2) in the main text. Since both the probe and signal fields are weak, atoms are mainly populated at the ground state |g). The
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steady state can thus be approximated as |y,) = |g)+X; A;le;) + B;lm;) +C;| f;) — O(A?) — O(B?) — O(C?) with |A;(B;, C;)| < 1. Then,
the density matrix can be assumed as p = |g){g| + Zj(Ajlej)(gl + B;m;){gl + C;|f;){g] + h.c.). In the steady state p = 0, Eq. (C.1)
can be rewritten as

(A=A, +E)A; +13A; | +13A;, +1oB; +1,B; | +1,B;, +2,C; =0

(A=A, +€,)B; +1,B; | + 1B, +1gA; +1{A;_ | +1HA; , =0 (C.2)

— (4, +iD)C;+ A, =-Q,5,,
where I' = (I, + I;)/2. Eliminating C; in Eq. (C.2), we then obtain

2 2,0
5+ FA — A, A +13A; | + 134, +10B; + 1B + 1B = mﬁj") €3

(Ay— A, +€,)B; +1,B, | +1,B;,1 +1gA; + 11 A;_| +1,A; 5 =0

(

which correspond to Eq. (6) in the main text. Therefore the steady density matrix can be numerically obtained by solving Eq. (C.3).
The density matrix solved above can be used to calculate the electric polarization intensity of atoms, where the polarization can
be defined in the Schrédinger picture as

P= _eTr[e—i(H]+H2)tpei(H]+H2)rr]
=P e—iwpt +P e—i(a)p—ms)t Fee (C4)
ps .C.

where P, = p; /V Y, / drC; efptike kDl T wyith o being the transition dipole moment between |g) and |f) and H, + H, =
o, f;)f; J| + (@, — w,)(le;){e;| + |m;){m;|). Then, from the electromagnetic wave equation, we can obtain the following equation
2, 2 1o ik r—icot iker—ioy\ _ L 05 i

(ax - c_26’> (Epeomion + E,efkrr=iont) = one (€5)
where k, =k, +k.—k; is the wave vector of superradiance beam. Applying slowly varying envelope approximation |(a2 + 02) E,nl <
[Kper) * (0XEP(,)X +0,E,,¥)| to Eq. (C.5), we can obtain the coupled-wave equations Eq. (8) in the main text. In the followmg, we
will show how to solve the coupled-wave equation Eq. (8) in the main text briefly. First, starting from Eq. (8), we can obtain the
following differential equation

02E, + ikgd, E, — (B — ikofo + K1 k_)E, =0

2 . (C.6)
d.E, — tkoaxE, - (ﬂo —ikyfo+ Kk k_DE. =0

The eigenvalues of Eq. (C.6) are 4, , = —éko +Aand A3, = éko + 4 with 4 = y/f% + k,,x_;. Then the general solution of E,, E, can

be written as

Alx

E,=cje"" + cyetr¥

o C.7
Er — C3€ul+ik0)x + C4e(42+1k0)x ( )

where ¢, ¢;, ¢35, ¢, are indeterminate coefficients. Considering the boundary condition being E,(0) = E,, E,(L) = 0 and substituting
Eq. (C.7) into Eq. (C.6), we obtain the following equations to determine the coefficients ¢, ¢,,c; and ¢, as

¢+ =k
esetl 42l =0
iK_y (C~8)

Z1+Po )
— ik

c
27 % +ﬂo

¢ =

which give the reflectivity R = |E,(O)/Ep(0)|2 =|(c3 +c4)/(c; + c2)|2 as shown in Eq. (9) in the main text.
Eq. (A.4) can be expressed in the momentum space as

H = Hg(K) + Hy(K) + H,(k) (C.9)
where HK = X0k + K+ (ke —Kp)T? /2 m| £ (S i+ Ttk — kg +j (e = k)1 /2 mle; Dy (e | + kK — kg +( = Dk —Kp)T? /2 mlm; )i (m; i,
2 (92 +92 )|e,>k<ej|k+(.(22 +Q2 Dlm i (m; i+ [.Qf] Qu lmeslic+ (R, Qe + 27, Q) my (el + R, 2, Imp iles i+

ch Qe e et ey gyl il it he. | Hy = (VN0 Foli+ 2y ule il lrhie:) = 2, 4,11 0l bt (B, = A,)(0e e i+
|m; )e{m; ). Then, the first two terms in Eq. (C.9) can be written in the basis of |e;), and |m Yk as
Expanding the above Hamiltonian in the basis of the timed Dicke states (TDS) |e; ), = \F Y. explilk + ky —kg+ (ke —kp)] - }le,)

and |m; ), = LN Y. explilk + k, —Kks+(—D(k.—kg)] -1, }|m,), with k being the initial momentum of atoms, Eq. (A.4) can be expressed
in the momentum space and the tight-binding (TB) model is obtained.

Data availability

Data will be made available on request.
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