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In recent years, flat electronic bands in twisted bilayer graphene (TBG) have attracted significant attention
due to their intriguing topological properties, extremely slow electron velocities, and enhanced density of states.
Extending twisted bilayer systems to new configurations is highly desirable, as it offers promising opportunities
to explore flat bands beyond TBG. Here, we study both topological and trivial flat bands in a twisted bilayer
honeycomb lattice for ultracold atoms and present the evolution of the flat bands with different interlayer
coupling strength (ICS). Our results demonstrate that an isolated topological flat band can emerge at the
Dirac-point energy for a specific value of weak ICS, referred to as the “critical coupling.” This occurs over a
wide range of twist angles, surpassing the limits of the magic angle in TBG systems. When the ICS is slightly
increased beyond the critical coupling value, the topological flat band exhibits degenerate band crossings with
both the upper and lower adjacent bands at the high-symmetry I'; point. As the ICS is further increased into the
strong coupling regime, trivial flat bands arise around Dirac-point energy. Meanwhile, more trivial flat bands
appear, extending from the lowest to higher energy bands, and remain flat as the ICS increases. The topological
properties of the flat bands are studied through the winding pattern of the Wilson loop spectrum. Our research
provides deeper insights into the formation of flat bands in ultracold atoms with highly controllable twisted

bilayer optical lattices, and may contribute to the discovery of new strongly correlated states of matter.
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I. INTRODUCTION

Moiré lattices arise when two similar periodic structures
are stacked at a twist angle, resulting in long-period moiré
patterns [1-5]. This overlay fundamentally alters the system’s
original quantum mechanical properties, offering an exciting
platform that introduces an additional degree of freedom to
manipulate quantum phases, thereby enhancing our under-
standing of correlated quantum matter [6—10].

In 2018, Cao et al. fabricated a graphene moiré lattices by
stacking two monolayer graphene sheets with interlayer inter-
actions and tuning the twist angle between them [11,12]. They
experimentally demonstrated that a flat band appears near the
Fermi level at a special twist angle, referred to as the “magic
angle.” This flat band leads to a vanishing Fermi velocity at
the Dirac point and a high density of states, resulting in the
emergence of correlated insulating states and unconventional
superconductivity in twisted bilayer graphene (TBG). Since
then, graphene-based moiré systems have emerged as a central
focus of research, as they offer a clean and versatile plat-
form for studying strongly correlated materials and provide
valuable insights into the mechanisms of superconductiv-
ity [13—18]. Recently, many exotic phases have been observed
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in TBG, including the quantum anomalous Hall effect [19,20],
the valley Hall effect [20,21], and fractional Chern insula-
tors [22-24]. Theoretical challenges in understanding these
correlation-driven phenomena in TBG primarily arise from
the presence of flat bands and their associated topological
properties [25-28].

Given the limitations on accessible physical parameters,
such as the twist angle and interlayer coupling strength,
in two-dimensional (2D) materials, extending twisted bi-
layer van der Waals structures to new platforms is highly
desirable, as it offers promising opportunities to explore
twistronics beyond TBG. In photonics, moiré lattices have
been realized in photonic crystals and photonic lattices, which
benefit from highly controllable lattice structures and symme-
tries [29-31]. These systems have enabled the observation of
exotic phenomena such as light localization and high-quality
nanocavities [32-34]. In ultracold atoms, a twisted bilayer
optical lattice has been realized by our group [35], offering
significant advantages for studying moiré physics with un-
precedented tunability [36—45].

The moiré flat bands in TBG are critically influenced by
both the twist angle and the interlayer coupling strength (ICS).
In TBG, the ICS can be finely tuned by applying out-of-plane
pressure [17,46-48]. However, the range of this adjustment is
quite limited, which poses challenges in studying the continu-
ous transition from weak ICS to strong ICS in moiré physics.
Here, based on the highly controllable interlayer coupling of
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ultracold atoms in a 2D twisted bilayer honeycomb optical
lattice [39], we investigate the rich moiré flat bands across a
broad range of twist angles. We identify an isolated topolog-
ical flat band at the Dirac-point energy for a specific value
of weak ICS, referred to as the “critical coupling.” The value
of this critical coupling depends on the twist angle. When
the ICS is slightly increased beyond the critical coupling, the
topological flat band touches both the upper and lower bands
at the high-symmetry point I';. As the ICS enters the strong
coupling regime, multiple trivial flat bands emerge around the
Dirac-point energy bands. Here, we define the “Dirac-point
energy bands” as the energy bands that form the Dirac point
without interlayer coupling. These trivial bands remain flat as
the ICS is further increased. We also find that at the critical
coupling, the band at the lowest energy becomes flat as well,
but it remains a topologically trivial flat band, in contrast to
the topologically nontrivial flat band formed at the Dirac-point
energy. As the ICS continues to increase, the number of trivial
flat bands gradually increases from lower- to higher-energy
bands. The topological properties of the flat bands are ana-
lyzed by calculating the Wilson loop spectrum.

The rest of the paper is organized as follows. In Sec. 11, we
present the theoretical model for describing dilute ultracold
atomic gases in twisted bilayer honeycomb optical lattices.
Specifically, Sec. III A discusses the emergence of topological
flat bands in the weak interlayer coupling regime, includ-
ing the critical coupling as a function of the twist angle. In
Sec. III B, we analyze the appearance of trivial flat bands in
the strong interlayer coupling regime. Finally, we discuss the
experimental relevance of our results and provide concluding
remarks in Sec. IV.

II. THEORETICAL MODEL

The twisted bilayer honeycomb optical lattice can be
realized using synthetic dimension techniques previously em-
ployed in our experiment [35]. Initially, atoms are confined to
a quasi-two-dimensional pancake-shaped potential by a deep
trap along the z axis. Subsequently, atoms in two different spin
states are loaded into two independent honeycomb optical
lattices with a relative twist angle. These two lattices selec-
tively address atoms in different spin states, thereby forming
a synthetic dimension that represents the bilayer structure.
Interlayer coupling is introduced via a microwave field that
coherently couples the two spin states.

The Hamiltonian of the system can be written as

Fviy Q
H= "2 TN N (1)
- Q LV
R 2m, 2

where m, is the atomic mass, 7 is the reduced Planck con-
stant, and Qg denotes the ICS. The honeycomb optical lattice
potentials V; and V, are defined as

3 3
Vi=W |:cos <§k0x1 + %ko)’l>

3 V3
+ cos <_§k0x1 + 7k0y1> + COS(_“/gkO)’l)i|,

3 3
V2 = V() |:COS (Ek()xz + %k@_)@)

3 3
+ cos (—Ekgxz + gkoyz) + COS(—ﬁkoyz)], 2)

where the rotated coordinates are defined as x; =
xcos(0/2) + ysin(6/2), y1 = —xsin(0/2) + ycos(0/2),
X, = xcos(0/2) — ysin(6/2), and Yo = xsin(0/2) +
ycos(6/2), with x and y being the spatial coordinates
and 6 the twist angle. The wave number of the lattice lasers
is ko = 2m /A, where A is the laser wavelength. The lattice
depth V} is expressed in units of the recoil energy, defined as
E = hzkg /(2m,). The moiré lattice structure formed by V)
and V; is illustrated in Figs. 1(a) and 1(b).

A twisted bilayer honeycomb optical lattice can exhibit
either a periodic (commensurate) or an aperiodic (incom-
mensurate) structure, depending on the twist angle. The
commensurate twist angles are determined as [49]

6 = arctan ( V3b ), 3)

2a + b

where the integers a and b are defined based on the values of m
and n, which are coprime natural numbers satisfying m > n.
If (m —n)/3 is an integer, then a = (m*> —n?)/3 and b =
(2mn + n*)/3; otherwise, a = m?> —n? and b = 2mn + n°.
Accordingly, the period of the moiré supercell, denoted by A,
is given by Ay = /(m2 + n2 +mn)/3 = ni,, when (m —
n)/3 is an integer, and by A, = v/m? + n% + mn = /3nim,
when (m — n)/3 is a noninteger. Here, A,,, = A/[3sin(0/2)]
represents the period of the moiré pattern.

The first Brillouin zones of the two honeycomb optical
lattices, along with the moiré Brillouin zone defined by the
new moiré periodicity, are illustrated in Fig. 1(c). For small
twist angles, the moiré Brillouin zone becomes significantly
smaller than that of a monolayer honeycomb optical lattice.
As aresult, each energy band of the monolayer lattice is folded
into multiple bands within the moiré Brillouin zone. The num-
ber of folded bands is given by ¢ = (m? + n> 4+ mn)/3 when
(m — n)/3 is an integer, and by ¢ = m? + n> + mn otherwise.
For instance, the original s band of the monolayer lattice is
folded into the first ¢ bands of the moiré lattice, and the
original p band is folded into the moiré bands ranging from
c+ 1to2c.

For simplicity, we focus on the case where n =1 and
(m —n)/3 is an integer, which corresponds to a supercell
containing a single period of the moiré pattern, as illustrated
in Fig. 1(b). In this scenario, the energy bands exhibit the
lowest possible degeneracy. The Dirac point appears within
the folded bands, ranging from 2¢ — 1 to 2¢ + 2, and we refer
to these four bands as the Dirac-point energy bands. Specifi-
cally, for m = 22, n = 1 (corresponding to 6 ~ 4.4085°) and
Qg = 0, the band structure of the twisted bilayer honeycomb
optical lattice is shown in Fig. 1(d). As indicated by the red
lines, the Dirac-point energy bands are located between the
337th and 340th bands of the moiré lattice. All numerical cal-
culations in this work were performed using the finite element
method implemented in COMSOL MULTIPHYSICS.
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FIG. 1. (a) Moiré supercell formed by two sets of honeycomb optical lattices V; (magenta) and V, (blue) with a small twist angle 6. The
lattices V| and V, independently confine ultracold atoms in spin states |1) and |2), respectively. (b) Periodic structure of the twisted bilayer
honeycomb optical lattice. The magenta and blue dots represent the minima of the optical potentials V; and V,, respectively. a; and a, denote the
lattice vectors, and A, is the period of the moiré supercell. (c) The first Brillouin zones of the monolayer honeycomb optical lattices (magenta
and blue hexagons), along with the resulting moiré€ Brillouin zone (green hexagon). The high-symmetry points K, K>, I'y, K;, M,, and K| are
labeled, and the reciprocal lattice vectors are denoted by by and b,. (d) Energy bands of the moiré¢ lattice for m = 22, n = 1 (0 ~ 4.4085°),
with Vy = 4E, and Qg = 0. The red lines highlight the Dirac-point energy bands, while the blue line indicates the lowest energy band.

III. FLAT BANDS INDUCED BY INTERLAYER COUPLING

The interlayer coupling between atoms in the two twisted
optical honeycomb lattices plays a crucial role in determining
the energy band structure. We investigate the energy bands
in both the weak and strong interlayer coupling regimes, and
discuss the emergence of flat bands as well as their topological
properties.

A. The weak interlayer coupling regime

We compute the energy band structure for weak ICS near

the Dirac point, as shown in Fig. 2. For a fixed commensurable
twist angle of 8 = arctan %3 ~ 4.4085°, the energy bands
and corresponding density of states for different ICS values
are presented in Figs. 2(a)-2(d). Compared with the zero ICS
case shown in Fig. 1(d), one can clearly see from Fig. 2(a)
that the interlayer coupling significantly reduces the energy
width of the Dirac cone and opens two band gaps between the
Dirac-point energy bands and their adjacent upper and lower
bands. The continued existence of the Dirac point, along with

the emergence of band gaps between the Dirac-point energy

bands and their adjacent bands, can be understood as follows:
The Dirac point degeneracy originates from the sublattice
symmetry between the A and B sites in a single-layer hon-
eycomb lattice. This type of degeneracy is protected by both
time-reversal symmetry and spatial inversion symmetry (sub-
lattice exchange). In the regime of weak interlayer coupling,
the Dirac points in the bilayer system remain largely gov-
erned by the intrinsic sublattice symmetry of each individual
layer, thus the interlayer coupling is insufficient to break this
symmetry-protected degeneracy. In contrast, the degenerate
crossings between the Dirac-point energy bands and their ad-
jacent bands arise from the band folding in momentum space
of single-layer graphene energy bands into the mini Brillouin
zone of the moiré superlattice. These degeneracies are purely
geometric and accidental, not protected by symmetry. Such
accidental degeneracies are generally lifted by even weak
interlayer coupling.

As the ICS approaches a critical value, the group veloc-
ity at the Dirac point nearly vanishes, the hybridized energy
bands become flat, and a pronounced peak emerges in the
density of states, as shown in Fig. 2(b). This specific value
of ICS, which minimizes the bandwidth, is referred to as the
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FIG. 2. (a)-(d) Energy bands and corresponding density of states near the Dirac points of the twisted bilayer honeycomb optical lattice

for increasing interlayer coupling strength Q

= 0.09E,,0.11E,, 0.12E,, and 0.15E,, respectively. (e) Wilson loop of the topological flat band

shown in (b). (f) Real part of the eigenstates at the M, point of the moiré Brillouin zone for interlayer coupling strength Qz = 0.09E, (left
panel) and 0.15E, (right panel). The twist angle is fixed at 6 & 4.4085°, and the lattice depth is set to V; = 4E,.

critical coupling. When the ICS is slightly increased beyond
the critical coupling, the flat band touches the upper and lower
bands at the high-symmetry I'y point, as shown in Fig. 2(c).
In this regime, the previously isolated flat band evolves into a
singular flat band with band touching. Upon further increasing
the ICS, the bandwidth broadens and the flatness of the band
is lost, as illustrated in Fig. 2(d).

To gain deeper insight into the formation of the flat band,
we analyze the energies and Bloch modes of the Dirac-point
energy bands at the M, point of the moiré Brillouin zone,
which is associated with Van Hove singularities [11]. As
shown in Figs. 2(a)-2(d), interlayer coupling induces energy
splitting at the M, point, bringing the energies of the four
Bloch modes from the Dirac-point energy bands closer to
that of the Dirac point. As the ICS increases to the critical
coupling, these four Bloch modes become degenerate with the
Dirac-point energy, resulting in the formation of flat bands.
When the ICS increases further, the energies of the four Bloch
modes split again, lifting the degeneracy and resulting in the
disappearance of the flat band. Meanwhile, we observe an
orbital exchange among the Bloch modes of the Dirac-point
energy bands before and after the band flattens, as illustrated
in Fig. 2(f). Before the band becomes flat, the upper two bands
host Bloch modes with p,-like and d,,-like orbitals, while
the lower two bands contain p,-like and d,>_,»-like orbitals.
After the flat band disappears due to increased ICS, this orbital
distribution is reversed: the upper two bands exhibit p,-like

and d,>_,-like orbitals, while the lower two bands exhibit
Dx-like and d,,-like orbitals.

The topological properties of the flat bands can be char-
acterized by examining the Wilson loop spectrum [26].
According to the formalism developed by Wilczek and
Zee [50], the time evolution of quantum states in an adiabatic
system is described by the following path-ordered integral:

Wik = P exp [i f}g Ak) - dk} 4)
C

where P denotes path ordering, and the integration path C
extends from k(0) to k(¢) in reciprocal space. Here, A(K) is
the non-Abelian Berry connection, which captures the local
geometric properties of the state space. In a periodic system,
the Bloch state for the nth band at a wave vector k is given
by |¥nk(r)) = e*T|u, ). The matrix elements of the non-
Abelian Berry connection are determined by the periodic part
of the wave function |u, k), and are calculated as [A(K)],, =
it x| Vi |t k)

We parametrize the wave vector as k = b +5 bz in
the rhombus-shaped moiré Brillouin zone, where by and b,
are the reciprocal lattice vectors, as shown in Fig. 1(c). For
calculating the Wilson loop, we choose a path with a fixed
ky in the moiré Brillouin zone, which is parallel to the by
direction. In the case of an isolated energy band, the Wilson
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loop can be computed as
J
Wi, = l_[<“z1,k{,k2iun,k’l'+',k2)’ o)

i=1

where j is sufficiently large to describe the infinite lattice limit
Jj — oo. The Berry phase for characterizing the topological
property of a single band is then given by

@, = Im[ In(W,)]. (6)

For N degenerate bands, the Wilson loop matrix can be calcu-
lated as

J
N ~ (1 i+1
sz — | |M(k1,k2).(kl+ »kz)’ (7

i=1

where M is a N x N matrix, and its matrix elements are
given by

(K} k), (K o)

M = (|t g1 1) ®)

with n,n’ € {1, ..., N}. Then, the Berry phases, which char-

acterize the topological properties of multiple bands, are
obtained from the eigenvalues of the Wilson loop matrix as

¢, = Im[ In (w},)]. ©)

where wy’ is the nth eigenvalue of the matrix Wi,.

It is worth noting that the Berry phase is related to the
Wannier center ¢ [51], which represents the centroid of the
maximally localized Wannier function [52]. When ¢ = £0.5,
the centroid of the maximally localized Wannier function lies
at the edge of the primitive cell, whereas for ¢ = 0, it is located
at the center of the primitive cell. In general, the Wannier
function is obtained by performing a Fourier transform of
the Bloch function over the two-dimensional Brillouin zone.
Here, we get the Wannier function by applying a Fourier
transform only along the k| direction for a fixed k,. As a result,
the Wannier center ¢ becomes a function of k,, and is related
to the Berry phase by c(ky) = ¢(k2)/2m. The evolution of the
Wannier center with respect to k, directly reflects the topo-
logical properties of the band. For a topologically nontrivial
band, the Wannier center is delocalized, and the Berry phase
spans the full range of [—r, 7r]. In contrast, for a topologically
trivial band, the Wannier center is localized, corresponding to
a localized spectrum of the Berry phase.

For the flat band shown in Fig. 2(b), the Wilson loop is cal-
culated and presented in Fig. 2(e). It is evident that the Wilson
loop, characterized by a winding number w = 1, spans the
entire moiré Brillouin zone, indicating the nontrivial topology
of the flat band. Previous studies have shown that topologi-
cal flat bands originating from Dirac-point energy bands in
twisted bilayer systems exhibit a distinct type of topology
known as fragile topology [26,53]. Fragile topological phases
typically do not feature gapless edge states, thereby violat-
ing the conventional bulk-boundary correspondence, and hold
great potential for modeling and engineering unconventional
correlated materials [54,55].

To illustrate the influence of the twist angle and ICS on
the bandwidth in detail, we calculate the bandwidth AE as

@ (®)
A 0.25
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FIG. 3. The bandwidth of the Dirac-point energy
bands as a function of the interlayer coupling strength
for various twist angles. (a) The cases with n=1,

m =16, 19,22, 25,28, 31, 34, and 37, corresponding to twist angles
0 ~ 6.009°,5.0858°, 4.4085°, 3.8902°, 3.481°, 3.1497°, 2.8759°,
and 2.6459°. (b) The cases with n=1,m=7, 10, and 13,
corresponding to 6 ~ 13.174°,9.43°, and 7.341°. (c) The relative
bandwidth AE /A, at the critical coupling as a function of twist
angle. The lattice depth is fixed at V) = 4E, throughout.

a function of Qg for various twist angles 6. As shown in
Fig. 3(a), for a fixed twist angle, the bandwidth significantly
decreases with increasing ICS, reaching a minimum at a
critical coupling strength. This indicates that even for rela-
tively large twist angles (e.g., 8 ~ 5.0858° with m = 19), the
topological band near the Dirac point can still be effectively
flattened. This provides a more flexible approach to realizing
topological flat bands, in contrast to the narrow magic angle
range (~1°) required in twisted bilayer graphene. Moreover,
Fig. 3(a) shows that as the twist angle increases, a larger
critical coupling strength is required to flatten the topological
band. When the twist angle 6 2 7.341° (m < 13), the criti-
cal coupling is no longer sufficient to induce flat bands, as
demonstrated in Fig. 3(b). We further compute the relative
bandwidth AE /A, at the critical coupling for different twist
angles, where A,/2 denotes the average band gap between the
flat band and its neighboring upper or lower band, as shown in
Fig. 3(c). It is evident that for 6 < 6.009° (m > 16), the rel-
ative bandwidth remains small (AE /A, < 0.2), whereas for
0 2 7.341° (m < 13), the relative bandwidth becomes large
(AE/A, > 0.5). In addition, we investigate the dependence
of the critical coupling strength on the lattice depth Vj, and
find that increasing V) reduces the critical coupling strength
required for the emergence of topological flat bands. The cor-
responding critical coupling strengths for various twist angles
6 and lattice depths V|, are summarized in Table 1.

B. The strong interlayer coupling regime

As discussed above, when the ICS increases further, the
topological flat bands around the Dirac point gradually lose
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TABLE I. Critical coupling strengths for different twist angles.
The twist angles 6 are derived from commensurate configurations
with n =1 and (m —n)/3 being an integer. Q%(E,) and QZ(E,)
denote the critical coupling strengths for lattice depths Vy = 4E, and
6E,, respectively.

m 0 (deg) % (E,) Q% (E,)
19 5.0858 0.127 0.115
22 4.4085 0.110 0.101
25 3.8902 0.098 0.089
28 3.4810 0.087 0.080
31 3.1497 0.079 0.072
34 2.8759 0.072 0.066
37 2.6459 0.067 0.061
40 2.4500 0.062 0.056
43 2.2811 0.058 0.052
46 2.1339 0.054 0.049
49 2.0046 0.050 0.046

their flatness. In contrast, the lowest-energy bands behave
quite differently. At the critical coupling, the lowest band
becomes an isolated and nearly flat single band, as exempli-
fied by 6 ~ 4.4085° (m = 22), as shown in Fig. 4(a). As the
ICS continues to increase, this lowest-energy band becomes
increasingly flat, as illustrated in Fig. 4(b). Furthermore, an
increasing number of flat bands emerge sequentially from
lower to higher energies and remain flat with increasing ICS,
as shown in Figs. 4(b) and 4(c). The detailed evolution of the
bandwidth AE for the lowest ten bands as a function of ICS
is shown in Fig. 4(d).

The emergence of flat bands results in real-space localiza-
tion of the corresponding eigenstates. The real parts of the

eigenstates associated with the lowest ten energy bands are
displayed in the insets of Fig. 4(c). Specifically, the first, the
degenerate second and third, the fourth, the degenerate fifth
and sixth, the degenerate seventh and eighth, the ninth, and
the tenth bands are composed of localized orbitals resembling
Ls, 2px (2py), 25, 3px 3py), 3dyy (Bde_y2), 4fi—3y), and
4fy3x2—yy orbitals, respectively. It is worth noting that al-
though the ninth and tenth bands are nearly degenerate, they
can still be regarded as two isolated bands. For a given flat
band, we find that the periodic part of the Bloch eigenstates
is independent of the wave vector. This implies a vanishing
quantum metric and Berry curvature, indicating a topologi-
cally trivial band structure. By calculating the Wilson loop,
we have verified that all of the lowest ten flat bands are
topologically trivial, as shown in Fig. 4(e).

Further increasing the ICS into the strong coupling regime
leads to the emergence of additional flat bands at higher en-
ergies. Notably, for sufficiently strong ICS, the Dirac-point
energy bands become flat once again. In Figs. 5(a)-5(c), we
display the 337th—340th bands along with their nearby bands
at Qg = 2E,, 6F,, and 10E,, respectively. The 337th—340th
energy bands, highlighted in red, correspond to the Dirac-
point energy bands at m = 22. It is evident that flat bands
reappear near the Dirac point when Q% exceeds 6F,. In con-
trast to the topologically nontrivial flat bands that emerge
near the Dirac point at the critical coupling, the flat bands
formed in the strong interlayer coupling regime are all topo-
logically trivial. This is confirmed by calculating the Wilson
loops, as shown in Figs. 5(d)-5(f). As the ICS approaches
infinity, the system effectively reduces to a single layer (or
single component) subjected to a twisted optical lattice [35],
which has been studied experimentally in photonic systems
[32,34,56-58].

(@) Qr=0.11E; (b)  Qr=04E; ()  Qr=1.6E
-2.89 T T -3.12 T i 4.2 ir A
— Jx(x2-3y) | Myx B Y 60y
1 j 9,10
—_———— |
1 7(8)
29 13141 1 & s 3d, 3.
425+
3px 3py P Se
5(6)
291 13161 5 4
@ 43 . Max
3]
292 + 1-3.18
203)
s ————— S &
-4.35 +
293 ¢ 32+ 1 2px 2py
1s . Min S0
1 Band 1
-2.94 -3.22 i 4.4 . -
r M K M K r r M K r - 0 T
s s N 5 s s s s s § s

FIG. 4. Trivial flat bands emerging within the lowest ten energy bands in the strong interlayer coupling regime. (a)-(c) The lowest ten
energy bands for n = 1, m = 22 (corresponding to 6 ~ 4.4085°), with Qr = 0.11E,, 0.4E,, and 1.6E,, respectively. Insets in (c) show the real
parts of the eigenstates for the lowest ten bands. Specifically, the first, degenerate second (third), fourth, degenerate fifth (sixth), degenerate
seventh (eighth), ninth, and tenth bands correspond to localized orbitals resembling 1s, 2p./2py, 25, 3p./3py, 3dyy/ 3dxz,yz, 4 fx(xz,lvz )» and
4 fyax2—y2), respectively. (d) Evolution of the bandwidth AE of the lowest ten bands as a function of the interlayer coupling strength Q. (e)

Wilson loop of the lowest band with trivial topology.
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FIG. 5. Trivial flat bands formed by the Dirac-point energy bands
in the strong interlayer coupling regime. (a)—(c) The Dirac-point
energy bands (337th—340th bands for m = 22) highlighted in red,
along with nearby energy bands, for Qr = 2E,, 6E,, and 10E,, re-
spectively. (d)—(f) Wilson loops of the trivial flat bands.

IV. DISCUSSION AND CONCLUSION

In realistic experiments, the topological and trivial flat
bands can be detected by employing amplitude modulation
spectroscopy [59,60] and spin-injection radio-frequency spec-
troscopy [61-63], which can induce interband transitions and
allow for the reconstruction of the band dispersion. To ob-
serve the topological properties of flat bands near the Dirac
point, atoms can be transported through reciprocal space by
uniformly accelerating the lattice via a linear frequency sweep
of the lattice beams [64,65]. This generates a constant inertial
force, enabling access to the Wilson line regime, where the
dynamics are governed entirely by geometric effects. The
Wilson line can then be measured by tracking changes in the
band populations [66].

One can use the clock states 'Sy and 3Py of alkaline-
earth(-like) atoms as the two pseudospin states for the twisted
bilayer optical lattices [39,67]. The J = 0 — J = 0 forbidden
transitions result in an extremely narrow natural linewidth
(approximately 1 mHz), and the transition is insensitive to
magnetic field perturbations, making it beneficial for the
high-precision detection of the energy bands. Considering
the ultranarrow gap between the topological flat band and
neighboring bands, which may exceed the atomic thermal
energy at finite temperature, experimental detection becomes
challenging. A promising solution is to enhance the gap by
introducing spatially dependent interlayer coupling [5,68].

While the topological flat band at the single-particle
level is similar to that in twisted bilayer graphene, the
strongly correlated effects induced by the flat band in ul-
tracold atoms will be fundamentally different from those in
graphene. This is attributed to the unique and highly tailorable
many-body interactions in ultracold atomic systems [69-71].
For example, the attractive s-wave interaction between the
Fermi atoms from different layers may induce a Larkin-
Ovchinnikov superfluid at the topological flat bands [39].
This phase exhibits a nonzero pairing momentum and a stag-
gered superfluid density distribution in real space, and can
be experimentally observed through time-of-flight measure-
ments and in situ imaging. In addition, exotic Mott insulating
phases or Bose glass phases may also emerge due to the
interplay between the flat bands and the interlayer atomic
interactions [72].

In summary, we have studied the energy bands of twisted
bilayer honeycomb optical lattices for ultracold atoms, with
highly controllable interlayer coupling. We find that topologi-
cally nontrivial flat bands can form at a critical coupling in the
weak interlayer coupling regime, whereas topologically trivial
flat bands emerge in the strong interlayer coupling regime.
With increasing interlayer coupling strength, the topologically
nontrivial flat bands lose their flatness, whereas the topologi-
cally trivial flat bands become progressively flatter. For large
twist angles, topological flat bands around the Dirac point
can also be formed by tuning the interlayer coupling strength.
This goes beyond the limitations of the twist angle in twisted
bilayer graphene. Our research reveals the physical principles
of moiré bands more deeply and provides a universal guideline
for applying moiré bands in other fields, including optics,
acoustics, and condensed matter.
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